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We study the properties of the covariant supersymmetric and K-symmetric action for a system 
of N nearly coincident MO-branes (mMO system) in flat eleven dimensional (IID) superspace and 
obtain supersymmetric equations for this dynamical system. Although a single MO brane is the 
massless IID superparticle, center of energy motion of the mMO system is characterized by a non- 
negative constant mass M constructed from the matrix fields describing the relative motion of mMO 
constituents. We show that a bosonic solution of the mMO equations can be supersymmetric iff this 
effective mass vanishes, M = 0, and that all the supersymmetric bosonic solutions preserve just 
one half of the IID supersymmetry. 
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I. INTRODUCTION 

In [1] it was motivated that an approximate descrip- 
tion of the system of nearly coincident Dirichlet p-branes 
(Dp-branes) is provided by maximal d = p + I dimen- 
sional supersymmetric Yang-Mills (SYM) theory with 
the gauge group U{N), which can be obtained by the 
dimensional reduction of D=10 U(N) SYM theory. This 
includes D —p—1 Hermitian matrices of scalar fields the 
diagonal elements of which describe the positions of dif- 
ferent Dp-branes while the off-diagonal elements account 
for the strings stretched between different Dp-branes. 

As a single Dp-brane was known to be described by a 
sum of supersymmetric Dirac-Born-Infeld action, pro- 
viding a nonlinear generalization of the U(l) Yang- 
Mills action, and a Wess-Zumino term (see [31 and refs 
therein), it was natural to search for a nonlinear gen- 
eralization of the non-Abelian SYM action providing a 
more complete nonlinear description of the system of 
nearly coincident Dp-branes. For the bosonic limit of 
multiple nearly coincident Dp-branes (mDp system) the 
most popular description is provided by Myers 'dielec- 
tric brane' action [3]. This was obtained by a chain of 
T-duality transformations from the lOD symmetric trace 
non-Abelian Born-Infeld action, proposed by Tseytlin ||4i] 
for purely bosonic limit of the system of multiple space- 
time filling D9-branes (mD9 system). Both the actions 
of [3] and 3 resisted the attempts to construct their su- 
persymmetric generalizations for many years; in addition 
the Myers action does not possess the Lorentz symmetry. 

The supersymmetric and Lorentzj^ovariant description 
of the uiDp system was reached in [5| in the frame of the 
so-called 'boundary fermion approach'. However, this 
description is provided at the 'minus one quantization 
level', which means that, to reach the description of niDp 
system similar to the description of Dp-branes in e.g. 
y, one has to perform quantization of the dynamical 
system. This task is nontrivial and has not been solved 
in a complete form, which motivated further attempts 
to obtain a possibly approximate but Lorentz covariant 



and supersymmetric description of the mDp system going 
beyond the SYM approximation (see e.g. [y|). Only for 
the case of mDO-systcm a nonlinear, supersymmetric and 
Lorentz invariant candidate for the wanted mDO action 
does exist |7|. 

As Dp-branes with p = 0, 2, 4 can be obtained by a di- 
mensional reduction of the 11 dimensional MO, M2 and 
M5 branes, it is natural to expect that the corresponding 
mDp system can be obtained from the respective mMp 
system. However, for the case of mM5 even the ques- 
tion on what should be a counterpart of the very low 
energy approximate SYM description is still obscure (see 
e.g. [8] for related study and references). For the case 
of mM2 brane such a problem was unsolved many years, 
but relatively recently the d = 3 TV = 8 su pers ymmetric 
BLG model [0] based on a 3-algebra (see [l^ and refs. 
therein) instead of Lie algebra, and then a more conven- 
tional ABJM model [11|] (with SU{N) x SUiN) gauge 
symmetry and only A/" = 6 manifest supersymmetries) 
were found and accepted for this role. 

As far as multiple MO brane (mMO) system is con- 
sidered, a purely bosonic candidate was constructed in 
[1^ as the IID generalization of the Myers 'dielectric 
DO-brane' action. On the other hand, an approximate 
but supersymmetric and Lorentz covariant equations of 
motion for mMO-system were obtained in 11311 in the 
frame of superembedding approach (see [Tj, [T^ as well 
as [ia)[l3 ^^^ '^^fs. therein). The generalization of these 
equations for the case of mMO-system in curved IID su- 
pergravity superspace, which describes the generalization 
of the M(atrix) theory [l^(see also earlier [1^) for the 
case of its interaction with arbitrary supergravity back- 
ground, were presented and studied in [20]. In [21| it 
was shown that in the case of IID pp-wave background 
these equations reproduce (in an approximation) the so- 
called BMN matrix model proposed for this background 
by Berenstein, Maldacena and Nastase in [22[. This re- 
sult, confirming that the equations of [20| describe the 
Matrix theory interacting with supergravity background, 
also have shown that, due to the superspace origin of 



these equations, their apphcations for a certain, even 
purely bosonic supergravity background are sufficiently 
complicated: it requires the lifting of the bosonic super- 
symmetric solution of the supergravity equations till the 
complete superfield solution of the IID superspace su- 
pergravity constraints 23]. This made desirable to find 
an action which reproduces the Matrix model equations 
of [20] or their generalizations. 

For the case of mMO system inflat target superspace 
such an action was proposed in [24| . where it was shown 
that it possesses local A/" = 16 Id supersymmetry. The 
main aim of this paper is to derive and to study equa- 
tions of motion of the mMO system described by that ac- 
tion. We will study the properties of the supersymmetric 
solutions of these equations, show that their center of en- 
ergy sector is similar to the solution of the equation for a 
single MO-brane, and also present two examples of non- 
supersymmetric solutions with different properties of the 
center of energy motion. 

The paper is organized as follows. In Sees. [Ill IIIII we 
review the spinor moving frame formulation of single MO 
brane, this is to say of IID massless superparticle. We 
describe there the moving frame and IID spinor moving 
frame variables (sec. IlIK.D and alsoHIE.F). discuss the 
MO brane equations of motion (Sec. IIII[) obtained from 
the spinor moving frame action (of sec. Ill Ap and show (in 
sec. IIIIR ) that supersymmetric solution of these equa- 
tions preserve just 1/2 (16 of 32) of the IID supersym- 
metries i.e. describe ^ BPS states. We also discuss there 
the irreducible K-symmetry of the spinor moving frame 
formulation of superparticle (sec. IIIB|) . stress its identi- 
fication with the local worldline supersymmetry^ and de- 
scribe (in Sec. IIIII) the composite Id TV = 16 supergravity 
multiplet corresponding to it. This supergravity induced 
by embedding of the MO worldline into the target IID 
superspace allows to make local the originally global su- 
persymmetry of, say. Id Af = 16 supersymmetric Yang- 
Mills (SYM) theory living on the worldline and plays an 
important role in the mMO action of [2^, which is the 
subject of our investigation here. This action (described 
in Sec. HV]) is given by the sum of the Id TV = 16 SYM 
action coupled to the induced Id TV = 16 supergravity 
and of the same spinor moving frame action functional 
as we have used to describe the single MO, which now 
describes the center of energy motion of the mMO sys- 
tem. In Sec. V we vary this mMO action and obtain the 
set of covariant and supersymmetric equations of motion 
for mMO system. The properties of the solutions of these 
equations are studied in Sees. VI, VII and VIII. Particu- 
larly, Sec. VII is devoted to supersymmetric solutions of 
mMO equations. We show there that all these are char- 
acterized by vanishing center of energy effective mass, 
M^ — 0. In Sec. VIII we present two examples of non- 



^ This was for the first time found in ^25] in simpler, D=3,4 super- 
particle models. 



supersymmetric solutions with M^ ^ 0. We conclude 
and discuss our results in Sec. IX. Appendices A and C 
contain the complete lists of the equations of motion for 
single MO~brane and for the mMO systems respectively. 
Appendix B collects the properties of the moving frame 
and spinor moving frame variables. 



II. SINGLE MO~BRANE IN SPINOR MOVING 
FRAME FORMULATION 

A. Twistor— like spinor moving frame action and its 
irreducible «:— symmetry. 

The spinor mo ving fr ame action of MO-brane reads 
(see [20] and also |27h30| ) 



Smo — 



p-^-= f P*<E'^{Z) (2.1) 



o*E= = 



1/16/ p#(vraV)^" 



(2.2) 



In the first line of this equation, (|2.1|) . p"^(r) is a La- 
grange multiplier, 

E" := E^iZ) ^ dZ'^' {t)EIj{Z) =: drE^{Z) (2.3) 

is the pull-back of the bosonic supervielbein of the IID 
target superspace (a = 0,1,..., 10), E°- = E''{Z) = 
dZ^' Ef,j{Z), to the worldline W^ parametrized by proper 
time T. In the case of flat target superspace the super- 
vielbein can be chosen in the form ^ 



E"" ^n" ^ dx" ~ ideve , s" = de" 



(2.4) 



^. Finally, E^ = E°-w^ and w^ — w^{t) is a light-like 
lOD vector, u^°'w^ — 0. 

One can write the action (|2.1|) in a probably more con- 
ventional from, extracting dr measure from the pull-back 
of the supervielbein 1-form (see (|2.3p ) 



Smo — 



drp* E- = 



w^ 



w^ 



drp*d^Z''{T)EUZ{T))u={r).{2.b) 



The action 1 12.11 1. 112.21 1 makes sense when supervielbein £"■ = 
dZ^'^ E'^j(Z) obeys the IID superspace supergravity constraints 
[2al . In this paper we will restrict ourselves by the case of flat 
target superspace, described by Eqs. I I2.4I I. 

We use the (real) matrices V^^ = TJ^^ = V%''C^is and f"'' = 
fa = C"^r" " constructed as a product of IID Dirac matrices 
Vy (obeying TT* -|- T'T" = 2r;"'/32x32) with, respectively, 
the IID charge conjugation matrix C^p = —Cp^ and its inverse 
C"^ = —CP°'. Both T'g'^ and Cfj^ arc pure imaginary in our 
mostly minus notation ri°-^ = diag(l, —1, ..., —1). 



We however, prefer to hide dr inside of differential form, 
define the Lagrangian 1-form by £i — drCr, and write 
our actions as integral of this l-form over the worldline, 
Jryi Ci, rather than as an integral over dr of a density, 

JdTjCr- 

If we were stoping at this stage, one can easily observe 
that the action (I2.ip can be obtained from the first order 
form of IID version of the Brink-Schwarz action. 



^BS 



w^ 



PaE"- - -paP^dT 



(2.6) 



by solving the constraints PaP" — (equations of motion 
for Lagrange multiplier e(T)) and substituting them back 
to the action. Furthermore, one might wonder why the 
solution Pa = p^u^ is written with a multiplier P^{t) in- 
stead of just stating that it has the form of 5* = /^i PaE°' 
with Pa constrained by PaP"^ — 0. We will answer that 
question a bit later, just announcing now that p* is a 
kind of Stiickelberg variable allowing to introduce an 
S'0(1,1) gauge symmetry; although looking artificial at 
this stage, this symmetry allows to clarify the group theo- 
retical meaning oiu'^ and also of the set of 16 constrained 
spinors appearing in the second representation of Smo, 
Eq. (lO) . 

The light-like vector u^ can be considered as a com- 
posite of (any of) the 16 spinors v'Z" provided these are 
constrained by 



2^%^- 



dHh) 



(2.7) 



Notice that the traces of both equations give 16u~ = 
V"(r'')a/3V'' which can be read off ([2^ and ^J^. The 
set of spinors w_"" constrained by (j2.7p are called spinor 
moving frame variables (hence the name 'spinor mov- 
ing frame' for the formulation of superparticle mechanics 
based on the action (|2.ip . (12. 2p ). Before discussing their 
origin and nature (in sec. IIIC[) . in the next sec. Ill B I we 
would like to try to convince the reader in the usefulness 
of these 'square roots' of the light -like vector u^- 



B. Irreducible k— symmetry of the spinor moving 
frame action 



The action (|2.ip . (|2.2p is invariant under the following 
local fermionic K-symmetry transformations 



S^P* = , 

di^u= =0 <^ Si^v~' 



Sj-^ = e+«(r)V" , 







(2.8) 

These symmetry is irreducible in the sense of that each 
of 16 fermionic parameters'' (-'^''{t) acts efhciently on 



the variables of the theory and can be used to remove 
some component of fermionic field ^"(t) thus reducing 
the number of the degrees of freedom in it to 16 (while 
a = l,...,32). 

In contrast, the K-symmetry of the original Brink- 
Schwarz superparticle action (|2.6II |32| 



d^x" = -ievsj 



6j"=Par'"'^K^{T), 

S^e = -AiKpde>^ , (2.9) 



is infinitely reducible. It is parametrized by 32 compo- 
nent fermionic spinor function /v^(r) which however is 
not acting efficiently on the variable of the theory.^ 

The irreducible K-symmetry of the spinor moving 
frame formulation (j2.8p can be obtained from the in- 
finitely reducible (|2.9p by substituting for pa the solu- 
tion Pa — p'^Ua of the constraint PaP"" — 0; furthermore, 
using (|2.7p . we find 



e+9 = 2p*v-"Ka 



(2.10) 



Let us stress that this relation, as well as the transfor- 
mation rules of the irreducible K-symmetry (|2.8p . nec- 
essarily involves the constrained spinors v~°'. Thus the 
covariant irreducible form of the K-symmetric is a charac- 
teristic property of the spinor moving frame and similar 
('twistor-like') formulations of the superparticle mechan- 
ics.6 

The importance of the K-symmetry is related to the 
fact that it reflects a part of target space supersymme- 
try which is preserved by ground state of the brane under 
consideration ^^[SJ] thus insuring that it is a BPS state. 
Its irreducible form, reached in the frame of spinor mov- 
ing frame formulation, is useful not only for clarifying its 
nature as worldline supersymmetry ([25|), but also for 



* The K— symmetry was discovered in pSJI . |32 | and was shown to 
coincide with the local worldline supersymmetry in [2511 . Our 



notation e'^'^{T) for the (irreducible) K-symmetry parameter is 
an implicit reference on this later result which will be useful in 
the discussion below. 

Roughly speaking, due to the constraint PaP" = 0, Ka and 
i^a + Pai"^gi'^^^' (t) produce the same k variation of the Brink- 
Schwarz superparticle variables. One says that the above trans- 
formation has a null- vector k(-^"'(t) and, hence, the symmetry 
is reducible. But this is not the end of story. One easily ob- 
serves that K(i)'^(r) and K(l)''(r)+paf ''°^K^^'(r), with an arbi- 

(2) 
trary Kg ' (t), makes the same change of the parameter Ka- This 

implies that there is a null— vector for null— vector and that the 
K— symmetry possesses at least the second rank of reducibility. 
Furthermore, one sees that this process of finding higher null- 
vectors can be continued up to infinity (next stages are com- 
pletely equivalent to the first two ones) so that one speaks about 
infinite reducibility of the K-symmetry of the Brink— Schwarz su- 
perparticle. The number of the fermionic degrees of freedom 
which can be removed by K-symmetry is then calculated as an 
infinite sum 32 - 32 -|- 32 - 32 + ... = 32 ■ (1 - 1 + 1 - 1 + ...) = 
32 • lim (1 - g + ij2 - ...) = 32 ■ lim ^ = 16. 

Notice that in D=3,4 and 6 dimensions the counterpart of Vq"' 
can be chosen to be unconstrained spinors; see references in e.g. 
|2i,|27|,|2i. 



finding tlie corresponding induced supergravity multiplet 
which is necessary for constructing the mMO action. To 
address this issue we need to comment on some proper- 
ties of moving frame and spinor moving frame variables. 



C. Moving frame and spinor moving frame 



To clarify the origin and nature of the set of spinors 
w~" which provide the square root of the light-like vector 
w,^ in the sense of Eqs. (I2.7p . and which have been used 
to present the K-symmetry in the irreducible form (|2.8p , 
it is useful to complete the null-vector u^ till the moving 
frame matrix, 



U, 



(a) 






2 ' ""b' ■ 



e 50(1,10) (2.11) 



{i = 1,...,9). The statement that this matrix is an el- 
ement of the 5*0(1, 10), having been made in (|2.1ip . is 
tantamount to saying that 



U'^T^U 



V 



ab 



diagi+l,^l,...,-l), (2.12) 



which in its turn implies that the moving frame vectors 
obey the following set off constraints 136| 







The IID spinor moving frame variables (appropriate 
for our case) can be defined as 16 x 32 blocks of the 
Spin{l, 10) valued matrix 



<"" = 


= 0, 


u-u'^* 


= 2, (2.13) 


Ufu-* : 


= 0, 


u*u^^ 


= 0, (2.14) 






uy^' 


^ -6'^. (2.15) 



V, 



(P) 



,+a 



G5pm(l,10) 



(2.16) 



double covering the moving frame matrix ()2.11|) . This 
statement implies that the similarity transformations 
with the matrix V leaves the IID charge conjugation 
matrix invariant and, when applied to the IID Dirac ma- 
trices, produce the same effect as IID Lorentz rotation 
with matrix U , 



VCV^ = C , 



VTr,V 



T _ f^(a)p 



(a) 



^Tp(a)-(^^p6^(a) 



(2.17) 
(2.18) 

(2.19) 



The two seemingly mysterious constraints (|2.7p appear as 
a 16x16 block of the second of these relations, (|2.17|) . and 
as a component V'^T^V = T^u^ of the third one, (j2.19p 
(with an appropriate representation of the IID Gamma 
matrices). The other blocks/components of these con- 
straints involve the second set of constrained spinors. 



^'|raW+ = U*5qp , Vq VaV+ = -u\-f\ 



qp 



(2.20) 



2v+"i;+'3 = t'^'^f^u* , 2v~'^°'v+^^ = -f""'5< . (2.21) 



Here 7*^ are the 9d Dirac matrices; they are real, sym- 
metric, -fgp = jpg, and obey the Clifford algebra 

7V+7'f = 2<5^''/i6xi6, (2.22) 
as well as the following identities 

7g(pi7p2p3) == ^q{pi^P2P3) ' (2.23) 

^q{q'%')p + Tp|g'Tp')g = ^i'p'^gp - ^1'p'Jqp ■(2-24) 

Thus v~°' and v'^"' can be identified as square roots 
of the light-like vectors u'^ and uf, respectively, while 
to construct w^ one needs both these sets of constrained 
spinors. 

The first constraint, eq. (I2.17p . implies that the inverse 
spinor moving frame matrix 

K1^^ = K/ , «ag") G 5pm(l, 10) , (2.25) 



^ 



Vg'^Vap^ = = V+'^Vap^ , 



can be constructed from v^", 



Vaq = iCafjVq '^ , !)„+ = -iCapV^'^ . (2.26) 



D. Cartan forms, differentiation and variation of 
the (spinor) moving frame variables 

To vary the action and to clarify the structure of the 
equations of motion one needs to vary and to differenti- 
ate the moving frame and spinor moving frame variables. 
As these are constrained, at the first glance this problem 
might look complicated, but, actually, this is not the case. 
The clear group theoretical structure beyond the mov- 
ing frame and spinor moving frame variables makes their 
differential calculus and variational problem extremely 
simple. 

Referring again for the details to [IJ, [2^ , let us just 
state that the derivatives of the moving frame and spinor 
moving frame variables can be expressed in terms of the 
soil, 10)-valued Cartan forms fl^"^^''^ = f/(°)^dC/i^' the 
set of which can be split onto the covariant Cartan forms 



r2= 



u^'^dul, 



n*^ 



u*''dul. 



SOjl.lO) 



providing the basis for the coset g^^ i)xso(9) ' 
forms 

17(°) = -u=-du* , 
4 " 



(2.27) 
and the 

(2.28) 
(2.29) 



which have the properties of the 50(1, 1) and 50(9) con- 
nection respectively. These can be used to define the 



50(1,1) X 50(9) covariant derivative D. The covariant 
derivative of the moving frame vectors is expressed in 
terms of the covariant Cartan forms (|2.27|) 

Dub^ := dub= + 2n^°^Ub= = ui,''n=' , (2.30) 

Dub* := dub* - 2n^°'>Ub* = Ub'fl*' , (2.31) 

Dub' := dub' - fl'^Ub^ = i Ub*n=' + i Ub^^*' (2.32) 
The same is true for the spinor moving frame variables, 



1 



^' "p Ipq I 



(2.33) 



1 



D<" := d<" - f7(")z;+" - ^'7gv+'^ = 






(2.34) 



The variation of moving frame and spinor moving 
frame variables can be obtained from the above expres- 
sion for derivatives by a formal contraction with varia- 
tion symbol, isd = S (this is to say, by taking the Lie 
derivatives). The independent variations are then de- 
scribed by is contraction of the Cartan forms, i^fi'^^^'^^^ 
Furthermore, 1^51'^°^ and i^il'-' are the parameters of the 
50(1, 1) and 50(9) transformations, which are manifest 
gauge symmetries of the model. Then the essential vari- 
ation of the moving frame and spinor moving frame vari- 
ables, this is to say, variations which produce (better to 
say, which may produce) nontrivial equations of motion, 
are expressed in terms of i^fJ"* and i^n^', 



Sub — Ub^isfl ' 
1 



6ub' = - Ub*is^ 



5ub* — UbisVl* 
1 



1 



1 



(5w+" = — isn*'v-„ 
2 



(2.35) 
(2.36) 

(2.37) 

(2.38) 



E. Kci gauge symmetry of the spinor moving frame 
action of the MO-brane 



should be taken into account when calculating the num- 
ber of MO degrees of freedom. 

Quite interesting remnants of this K9 symmetry sur- 
vives in the multiple MO case and will be essential to 
understand the structure of mMO equations of motion. 



F. Derivatives and variations of the Cartan forms 

One can easily check that the covariant Cartan forms 
are covariantly constant. 



Dn= 







DVL*' = 



(2.41) 



where the covariant derivatives include the induced con- 
nection (|2.28p . (|2.29p ^. The curvatures of these connec- 
tions are 



4 



(2.42) 



G'^ := dre^ + ve^ a vl^'^ = ~n= [* a rj#^'i , (2.43) 

can be calculated, e.g., from the integrability conditions 
ofEqs. dSjQll-dSSS]), 

DDu* ^ 2F^°^u* , DDuJ = u{G'^ . (2.44) 



As in the case of moving frame variables (see sec. IIIPp . 
the variations of the Cartan forms can be obtained from 
the above expressions using the Lie derivative formula. 
Omitting the transformations of manifest gauge sym- 
metries S0(1,1) and S0(9) (parametrized by igfl^^'' and 
«A-r2*^), we present the essential variations: 



(5fi#' = Disfl*\ Oil — uis\ 

4 4 



(2.45) 
(2.46) 

(2.47) 



These equations will be useful to vary the multiple MO 
brane action in Sec. [V] For deriving the equations of mo- 
tion of single MO brane it is sufficient to use Eqs. p.35p . 

(ESZD and ^M-^M- 



A simple application of the above formulae begins by 
observing that the parameter isfi'^'^ does not enter the 
variation of neither u'^ nor v~". However, the MO- 
brane (12. ip . (12. 2p involves only these (spinor) moving 
frame variables. Hence the transformation of the spinor 
moving frame corresponding to r dependent parameters 
/c^* = ig^'^'^ are gauge symmetries of this MO action. 
These so-called /tTg-symmetry transformations 

(5u6= = 0, Sub* = ub'k*\ 5ub' = i ub=k*' , (2.39) 
^V" = 0, Sv+'^ = -lk*^y--j;^ (2.40) 



III. EQUATIONS OF MOTION OF A SINGLE 

MO BRANE AND INDUCED AT = 16 

SUPERGRAVITY ON THE WORLDLINE W^ 

The moving frame matrix Ua (|2.1ip provides a 
'bridge' between the IID Lorentz group and its 50(9) (E) 
50(1,1) subgroup in the sense that it carries one in- 
dex (a) of 50(1, 10) and one index (('')) transformed by 
a matrix from 50(9) ® 50(1, 1) subgroup of 50(1, 10). 



Dn=' := dn=^ + 2Q=' A Q(0) - 0,=^ a ni\ see llZ30t - ||Z32l l. 



Contracting the pull-back of the bosonic supervielbein 
form E^ we arrive at 



£;('^) = e'^U^''^ ^ {E=,E*,E') 



(3.1) 



which is split covariantly in three types of one forms. 
These are inert under 50(1,10) but carry the nontriv- 
ial S0(9) vector index (in the case of W) or 50(1,1) 
weights (in the cases of E^ and E"^). The corresponding 
decomposition of the vector representation of 50(1, 10) 
with respect to its 50(9) ® 50(1, 1) subgroup, 



11 ^ Is 



9o 



is even better illustrated by the equation &'^'>U(^a)' = E'' 
which, in more detail, reads 



£:° = -E^u""* + -E*u''= - E'u" 
2 2 



(3.2) 



Thus the moving frame vectors help to split the pull- 
back of the supervielbein in a Lorentz covariant man- 
ner. The 50(9) singlet one form with 50(1,1) weight 



-2, E^ = E u^ enters the action (|2.ip multiplied by the 
weight +2 worldline scalar field P^{t). This clearly has 
the meaning of the Lagrange multiplier: its variation re- 
sults in vanishing of E^ , 



E= 



E^u= 



0. 



(3.3) 



Now, the variation of E^ contain two different contribu- 
tions, SE^ = 5E°'u2 + E°-5w^. The first comes from the 
variation of the pull-back of the bosonic supervielbein 
form which in our case of fiat target superspace can be 
easily calculated with the result 



SE"" 



AdOT^'t 



diSx" - isevi 



(3.4) 



The second term contains the variation of the light- 
like vector u'^ which can be written as in Eq. (j2.35p , 
Su^ = u\isVL^^ with an arbitrary i^il^*. The corre- 
sponding variation of the action (j2.ip reads SuSmq — 

/vyi P'^ ^^a -^° — /vyi P'^ "a E°-is^^^ and produce the 
equation of motion 



E' := E'^ul = 



(3.5) 



Using Eq. ((S^) one can collect Eqs. ^^ and ([33]) in 



E'' ■= -E*u'' 



(3.6) 



This equation shows that the MO-brane worldline W^ is 
a light-like line in target (super)space, as it should be for 
the massless superparticle. 

Furthermore p.6p suggests to consider E"^ as einbein 
on the worldline W^; this composite einbein is induced 
by embedding of W^ into the target superspace. The 
transformation of E"^ under the irreducible K-symmetry 
is given by 6^E* = -2iE+'ie+'i. In the light of the 



identification of K-symmetry with local worldline super- 
symmetry [23 , this equation suggests to consider the co- 
variant 16+ projection, E^'^ = ij"w+'?, of the pull-back 
of the fermionic 1-form _B" as induced 'gravitino' com- 
panion of the induced Id 'graviton' E"^ . Indeed under 
the K-symmetry (|2.8[) this set of forms show the typi- 
cal transformations rules of (Id A/" = 16) supergravity 
multiplet, 



5^E+'i^De+''{T) 



5..E* 



-2iE^ 



(3.7) 



Here D = drDr is the 50(1, 1) x 50(9) covariant deriva- 
tive which we will specify below. The connection in this 
covariant derivative are defined in terms of moving frame 
variables and, hence, are inert under the K-symmetry; in 
this sense the induced Id JV — 16 supergravity multiplet 
is described essentially by 1 bosonic and 16 fermionic 1- 
forms E'^ and ij"*"'. Our action for the mMO system, 
which we present in the next section, will contain the 
coupling of these induced Id supergravity to the matter 
describing the relative motion of the mMO constituents. 
The other, 16_ projection E^'^ — E°'v~'' of the pull- 
back of fermionic supervielbein form to W^ vanishes on 
the mass shell. 



E- 



E'^v: 







(3.8) 



Indeed, varying the coordinate functions in the action 



2.ip we arrive at equation 7^" ~ which reads 

dr{p*u:EUz)) = . 



(3.9) 






In our case of fiat target superspace Ef^{Z) 

iS'jlj{r°'6)a and one can easily split p.9p into the bosonic 
vector and fermionic spinor equations (which we prefer 
to write with the use oi d = drdr) 



d{p 



*u=) 



p*U-{T-dri 



0, 

= 



(3.10) 
(3.11) 



Using (12.7b ) and assuming p'^ 7^ we find that p. lip 
is equivalent to Eq. (|3.8p . This implies that the dO"" can 
be expressed through the induced gravitino. 



£:° = de" = E+H 



(3.12) 



Let us come back to the equation for the bosonic coor- 
dinate functions, p.lOp (or equivalently, drip'^u^) ~ 0). 
Using (|2.30l) we can write this in the form = Z3p* u^ + 
p'^ul^n^'^. Here and below we use the covariant deriva- 
tives defined in (lOO)) . (P3T|) . (lO^ V Contracting that 
equation with m"'^ gives us 



Dp 



# 







(3.13) 



while the nontrivial part of the bosonic equations of mo- 
tion of a single MO-brane, which can be read off from the 
coefficient for mJ,, states that the covariant Cartan form 
fi"* vanishes, 



n= 







(3.14) 



Coming back to Eq. (|2.30|) . we see that Eq. p.l4p can 
be expressed by stating that the covariant derivative of 
the hght-hke vector w^ vanishes, 



Du-^0, 



or, equivalently, by 



Ovg"" = 



On the other hand, using 

D = drDr = E*D^ 



(3.15) 



(3.16) 



(3.17) 



we can write Eq. p.l5|) in the form D^u^^ = 0, and, 
as far as (|3.6[) imphes u^ ~ ^iJS,, in the following more 



standard form 



D#El = 



or, in more detail. 



(3.18) 



(3.19) 



Two more observations will be useful below. The first 
is that Eq. ([XTO]) . = Dp* = dp* - 2p*n'^°\ can be 
solved with respect to the induced SO{l, 1) connection. 



J7(") 



dp* 
2p* 



(3.20) 



Notice that this is in agreement with the statement that 
one can always gauge away any Id connection: using the 
local S0(1,1) symmetry to fix the gauge p* — const we 
arrive at f](°) = 0. 

The second comment concerns the supersymmetric 
pure bosonic solutions of the above equations of motion. 



A. All supersymmetric solutions of the MO 
equations describe 1/2 BPS states 

As far as the fermionic coordinate function 9°' is trans- 
formed by both spacetime supersymmetry and by the 
worldline supersymmetry (^-symmetry) (|4.24[) . 66" = 
— e" + e"'"'^(r)w~"(r), the purely bosonic solutions of the 
MO equations, having 



r = o 



(3.21) 



may preserve a part of target space supersymmetry. This 
is characterized by parameter 



^a _ +q 



{r)vrir) 



(3.22) 



The left hands side of this equation contains a con- 
stant fermionic spinor de" ~ 0, so that d{e^'^vZ'°') — 
ZJe+'ti^" + e+'Du^" = 0. Furthermore, taking into ac- 
count that the equations of motion for the bosonic co- 
ordinate function, Eq. (|3.19p . implies p. 161) . one finds 



that the consistency of (|3.22p is the covariant constancy 
of the K-symmetry parameter e+''(r), 

(3.23) 



De^ 







In Id system the connection can be gauged away so that 
this condition can be reduced to the existence of a con- 
stant 5*0(9) spinor e''. For instance gauging away the 
50(9) connection and using Eq. p.20p . we can present 
(P:^ in the form d(e+«/Vp#) = and solve it by 
e+1 = y/^ el with de'' = 0. 

This implies that any purely bosonic solution of the 
MO equations preserves exactly 1/2 of the spacetime su- 
persymmetry. 



IV. COVARIANT ACTION FOR MULTIPLE 
MO-BRANE SYSTEM 

A. Variables describing the mMO system 

Let us introduce the dynamical variables describing the 
system of multiple MO branes, which we abbreviate as 
mMO. Its dimensional reduction is expected to produce 
the system of N nearly coincident DO-branes (mDO sys- 
tem) and at very low energy this later is described by the 
action of Id A/" = 16 supersymmetric Yang-Mills theory 
(SYM) with the gauge group U{N), which is given by di- 
mensional reduction of the lOD TV = 1 U(N) SYM down 
to d=l. Now, the set of fields of the U(N) SYM can 
be split onto the non-Abelian SU(N) SYM and Abelian 
U(l) SYM multiplets. Roughly speaking, this later de- 
scribes the center of energy motion of the mDO system 
while the former corresponds to the relative motion of the 
constituents of the mDO system. Then it is natural to as- 
sume that the relative motion of the mMO constituents 
are also described by the fields of SU{N) SYM multiplet. 

Now let us turn to the center of energy motion. We 
begin by noticing that the f/(l) SYM fields can be seen 
in the single DO brane action (see and refs therein) 
after fixing the gauge with respect to K-symmetry and 
reparametrization symmetry. Originally the action of a 
single DO brane is written in terms of 10 bosonic and 
32 fermionic coordinate functions, worldline fields corre- 
sponding to the coordinates of type II A D = 10 super- 
space. The above gauge fixing reduces the number of 
fermionic fields to 16 and the number of bosonic coordi- 
nate functions to 9. These are the same as the number of 
physical fields as in Id reduction of the lOD SYM theory. 
This also contains the time component of the gauge field 
which can be gauged away by the U(l) gauge symme- 
try transformation and do not carry degrees of freedom. 
The U(l) SYM multiplet describing the center of energy 
motion of the mDO system can be obtained by fixing the 
gauge with respect to K-symmetry and reparametrization 
symmetry on the coordinate functions, the same as in the 
case of single DO brane. 

In the light of the above discussion, it is natural to 
describe the center of energy motion of the mMO system 
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by the 11 bosonic and 32 fermionic coordinate functions, 
the same as used to describe the motion of single MO 
brane, and to assume that the wanted mMO action pos- 
sesses K-symmetry and reparametrization symmetry, hke 
the single MO-brane action does. 

To resume, following [l3|, [20, uM, we will describe the 
center of energy motion of N nearly coincident MO- 
branes (mMO system) by the 11 commuting and 32 anti- 
commuting coordinate functions 



Z-(r) = (x^(r),0"(r)) 



(4.1) 



M = 0, 1,...,10; a = 1,2, ...,32 



(the same as used to describe single MO-brane), and the 
relative motion of the mMO constituents by the fields of 
the SU{N) SYM supermultiplet. These are the bosonic 
and fermionic hermitian traceless N x N matrices fields 



X*(t) and ^qir) 

(z = l,...,9. 



(4.2) 



,16) 



depending on a (center of energy) proper time variable 
T. The bosonic X*(t) carries the index i = 1, ..., 9 of the 
vector representation of 5*0(9), while the fermionic '^q 
transforms as a spinor under 5*0(9), g = 1, ..., 16. 



B. First order form of the Id A/" = 16 SYM 
Lagrangian as a starting point to build mMO action 

The standard Id TV = 16 SYM Lagrangian (obtained 
by dimensional reduction of lOD SYM) can be written in 
the following first order form 

drLsYM = tr (-rV^X' + 4i*,V^*g) + dTU (4.3) 

where the Hamiltonian 

n = -tr (PT') + V(X) - 2 tr (X* *7'*) (4.4) 

contains the positively definite scalar potential 

V = -^^tr [r,X^"]' ^ +^ir [X\W] ■ [X\W]^ (4.5) 

Eqs. (j4.3|) involve the auxiliary 'momentum' fields, the 
nanoplet of traceless N x N matrices P', and also the 
gauge field Ar(r) which enters the covariant derivatives 
V — drVr of the above bosonic and fermionic fields. 



VX' = (W + 



V*, = d*, + [A, *,] . (4.6) 



The action with the above Lagrangian are invariant un- 
der the following d=l N — IQ supersymmetry transfor- 
mations with constant fermionic parameter e' 



,5er = 4ze«(yvi/)^ , 5^ 



z\^'^\,W], (4.7) 



5,-^, = lePiir - ^e^ilUX^W] , (4.8) 



-'e-, -2^-7^,1^^- Ye '^p«^ 



The mMO action should describe the coupling of the 
above SYM theory to the center of energy variables (|4.ip . 
As we have discussed above, such an action should pos- 
sess the reparametrization symmetry and a 16 parametric 
local fermionic symmetry, a counterpart of the irreducible 
K-symmetry (|2.8I) of the single MO action. It is natural 
also to think on this fermionic gauge symmetry as on the 
local version of the above rigid d=l M — IQ supersym- 
metry of the SYM action, Eqs. (|4?7l) - (|49)) . 



Induced supergravity on the center of energy 
\vorldline 



The natural way to make a supersymmetry local is to 
couple it to supergravity multiplet. As a by-product such 
a coupling should guaranty the reparametrization (gen- 
eral coordinate) invariance. Now it is the time to recall 
about induced supergravity multiplet on the worldline of 
the single MO brane constructed in sec. (jllip . Similarly, 
we can associate a moving frame (J2.11I) and spinor mov- 
ing frame (|2.16l) to the center of energy motion of the 
mMO system and to use these together with center of 
energy coordinate functions (14.11) to build the compos- 
ite d=l TV = 16 supergravity multiplet including the Id 
'graviton' and 'gravitino' 



E* = E^u* = {dx" - id9T''9)uf 



(4.10) 
(4.11) 

transforming under the local supersymmetry as in p.7p . 

S,E+'' = De+«(r) , S,E* = -2i^+«e+« . (4.12) 

Notice that the use of such a composite supergrav- 
ity induced by embedding of the center of energy world- 
line into the fiat target IID superspace implies that the 
local supersymmetry parameter carries the weight +1 
of the 5*0(1, 1) group transformations defined on the 
moving frame variables. This implies the necessity to 
adjust the 5*0(1,1) weight also to the fields describing 
the relative motion of the mMO constituents. Following 
[Hill [13] we define the 5*0(1, 1) weight of the bosonic 
and fermionic fields to be -2 and -3, respectively, so that 
in a more explicit notation (and using the conventions 
were the upper ~ index indicate the same -1 weight as 
the lower + one) * 



*g = * 






1,...,9, (4.13) 

g = l,...,16.(4.14) 



= %, 



(5eA = -dre'*, . (4.9) 



* Such a chose of weight of the basic matrix fields is preferable 
for the description in the frame of superembedding approach, 
like developed in [I3l 12011 . Once using the density p* = p++ 
which enters the spinor moving frame action for single MO, we 
can easily change the weights of the fields multiplying them by 
corresponding power of p'^ . However we find more convenient to 
work with the 'weighted' fields 114.131 1. 114.1411 . 



As in the case of single MO-brane, we expect the 
50(1,1) as weU as 5*0(9) transforation to be a gauge 
symmetry of our action. This imphes the use of covari- 
ant derivative with 50(1, 1) and 50(9) connection. As in 
the case of single MO-brane, we define these connections 
to be constructed from the moving frame variables 



n^°'> = ^u=''du* , n'^ = u^'dui 



(4.15) 



(see Eqs. (|2.28p and (12. 291) ). which are now associated 
to the center of energy motion of the mMO system. The 
covariant derivatives of the su(N) valued matrix fields 
()4.13|) are defined by 



Dl 



:= (W + 2n'-°^x' - n^^x^ + [A, 



(4.16) 



D^g := d*, + 3^!^*, - ^n'^lg^^p + [A, *,] .(4.17) 

They also involve the SU{N) connection A — (irAT-(r) on 
the center of energy worldline W^. The anti-Hermitian 
traceless N x N matrix gauge field A^ (t) is an indepen- 
dent variable of our model. Let us stress, however, that, 
as any Id gauge field, it can be gauged away and thus 
does not carry any degree of freedom. 

The covariant derivative of the supersymmetry param- 
eter in (|4.12p reads 

De+^ = de+« - r!(°)e+« + ^n'^e+P^i^g , (4.18) 



so that the induced connection (|4.15p are also the mem- 
bers of the composite d=l A/" = 16 supergravity multi- 
plet. 



D. A way towards mMO action 

Now we are ready to present the action for the system 
of N nearly coincident MO-branes (mMO system) which 
was proposed in |2J]. It can be considered as a result 
of 'gauging' of rigid d=l TV = 16 supersymmetry ()4.7|) - 
(j49|) of the SU{N) SYM action with the Lagrangian (|43l) 
achieved by coupling it to a composite d=l TV = 16 su- 
pergravity (|4.10p . (|4.11l) . (|4.15p induced by embedding 
of the center of energy worldline of the mMO system into 
the target IID superspace. 

The natural first step on this way is to make the La- 
grangian (|4.3p covariant by coupling it to a Id gravity. 
This can be reached by just replacing dr in the right 
hand side of (gJl) by the 1-form E* of (|4T0l) . Then, 
to provide also the 50(1,1) and 50(9) gauge symme- 
tries, which play the role of Lorentz and R-symmetries 
in our induced Id TV = 16 supergravity, we should re- 
place the Yang-Mills covariant derivatives in (|4.6p by the 
50(1, 1) X 50(9) covariant derivatives defined in (|4.16p . 
(I4.17p . and to multiply the Lagrangian 1-form thus ob- 
tained by (p^Y ■ The next stage is suggested by the fact 
that setting N=l in the action for the system of N nearly 
coincident AID brane one should arrive a single MO-brane 



action. As the SU(N) SYM Lagrangian, and all the ma- 
trix fields involved in it, vanish when N=l, this implies 
the necessity just to add the single MO action to the in- 
tegral of the above described Lagrangian form. Then 
the coupling to induced gravitino can be restored from 
the requirement of local supersymmetry invariance of the 
mMO action. 



E. mMO action 

In such a way we arrive at the mMO action proposed 
in [2J]. It reads 

5„ij\/o = / p* E^ + 

+ / {P*f (tr {-rOX- + ^i^gD-^g) + E*'Hj + 

+ / {p*fE+Hr f4*(7'vl/)^r + ]-{f^^)g[X\X^- 

(4.19) 
where Ti, is the relative motion Hamiltonian (c/. (|4.4p ) 
n := ?^####(X,P,vI/) = 

^ -tr iV'V) + V(X) - 2 tr (X^ *7*^) (4.20) 

including the scalar potential (c/. (|4.5p ) 

V := V####(X) = -^tr[X\X^]' (4.21) 

= -|-ltr[r,X-'"].[X\X^]t , (4.22) 

and the Yukawa-type coupling tr (X' \I'7*\I'). 

The covariant derivatives D are defined in (|4.16l) . 
(I4.17p . Their connection are build from the (spinor) mov- 
ing frame variables, Eq. (|4.15p . which are related to the 
center of energy motion of the mMO system. These are 
also used to construct the composite graviton and grav- 
itino 1-forms E* and £;+«, Eqs. (|illl)) . (|ni|) . The 
1-form E^ is the same as in the case of single MO-brane 



E^ 



E^u: 



(4.23) 



For the completeness of this section, let us recall that in 
these equations E°- is the pull-back of the bosonic super- 
vielbein to the center of energy worldline W^, Eq. (12.31) . 
(|2.4p . E" = dO'^ij), w^ and uf are light -like moving 
frame vectors dSTTl]), (PTT^ . (P?Til) . and «+« is an ele- 
ment of spinor moving frame (j2.16p . 

Although the first term in (|4.19p coincides with the sin- 
gle MO-branc action (|2.ip . now the Lagrange multiplier 
p"^ and spinor moving frame variables are also present 
in the second and third terms. This results in that their 
equation of motion differ from p.6p . and, as we discuss in 
the next section, generically, the center of energy motion 
of the mMO system is not light-like. 
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F. Local supersymmetry of the mMO action 



Here 



The action (J4.19I) is invariant under the transformation 
of the 16 parametric local worldline supersymmetry 



6,9'' 


= ^+'{r)vr ' 


(4.24) 


S.x" 


== -iOVSj + ^u''*i,E= , 


(4.25) 


S.P* 


= 0, 


(4.26) 


■^<" 


= ^ 6eU= = S,U* ^ SeK = , 


(4.27) 


6,T 


= iie+Y^ , S^r = [(e+7'*),X^] , 


(4.28) 


S,^g 


= i(6V),F''-3^(£V^'),[X\X^], 


(4.29) 




6,A = -E*e+'^^q + E+Ye+ H" , 


(4.30) 



where 
ieE= = 6{p*)'^tr (ire+7** - ie+7^J*[X\XJ']) . (4.31) 

The local supersymmetry transformations of the fields 
describing relative motion of mMO constituents, (|4.28p . 
(|T^ coincide with the SYM supersymmetry (|i7)) . (|T5)) 
modulo the fact that now the fermionic parameter is an 
arbitrary function of the center of energy proper time, 
e+^ — e+^(T). The local supersymmetry transformation 
of the Id SU{N) gauge field (P^O)) differs from the SYM 
transformation by additional term involving the compos- 
ite gravitino. 

The transformations of the center of energy variables 
Eqs. (|4.24p - (|4.27p describe a deformation of the irre- 
ducible K-symmetry (12.81) of the free massless superpar- 
ticle. Actually, the deformation touches the transforma- 
tion rule (|4.25l) for the the bosonic coordinate function, 
5eX°' only. The Lagrange multiplier p"^ and the (spinor) 
moving frame variables are invariant under the super- 
symmetry, like they are under the K-symmetry of a single 
superparticle. 



D*-j^D., Ef-jfEP, 



(5.3) 



are covariant derivative and the induced Id gravitino field 
corresponding to the induced einbein on the worldvol- 
ume, E'f^ — E'^uf =: drEf , in the sense of that 



D = E*D^ 



E+1 = £*£+" 



(5.4) 



The variation with respect to the worldline gauge field 
A = drAr gives 

[r,r] = 4i{*,,*j (5.5) 

and the variation with respect to X* results in 
1 



DW = -— ^#[[X'',X^]X^] 



-2E* *y* + E+^'YU'i'p, X^'] • 



(5.6) 



Using (j5.ll) we can easily present this equation in the 
form 

D#D#X' = -^[[X\X^']X^]+2*7^* + 

+4zi?#(^+7'*p) + Elf^[^,W] . (5.7) 

Finally, the variation with respect to the traceless matrix 
fermionic field ^^ produces 



D^ = -^#[X\(7**)] + 

+i^+y r - —E+f^ [X\W] . (5.8) 



B. A convenient gauge fixing 



V. mMO EQUATIONS OF MOTION 

In this section we present and study the complete set 
of equations of motion for the multiple MO-brane system 
which follow from the action (|4.19p . 



A. Equations of the relative motion 

Varying the action with respect to the momentum ma- 
trix field P* gives us the equation 



DX* = E*¥' + AiE+i{Y^!)^ 



(5.1) 



which allows to identify P', modulo fermionic contribu- 
tion, with the covariant time derivative of X*, 



To simplify the above equations, let us use the fact that 
1-dimensional connection can always be gauged away 
and fix the gauge where the composed SO(9) connection 
(1^:^ and also the SU{N) gauge field vanish 



n'^ = drni^ = , 

A = drAr = . 



(5.9) 
(5.10) 



This breaks the local 5*0(9) and SU{N), but the sym- 
metry under the rigid S0{9) O SU{N) transformations 
remains. 

As far as the 50(1,1) gauge symmetry is concerned, 
we would not like to fix it but rather use a part 
i^a# d.S„Mo = of the equations of motion for the cen- 
ter of energy coordinate functions a:° (discussed below in 
full). 



»' = D^X' - AiEW-^ . 



(5.2) 



Dp* = 



(5.11) 
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to find the explicit form of the induced S'0( 1,1) con- 
nection (12251), r2(°) := \u"'=du*. Indeed, as far as 
Dp* ^ dp* - 2p*VL(^\ Eq. (ISlTl) implies 



q(o) - ^ 
" 2p* 



(5.12) 



In the gauge (|5.9p . (IS.lOp the set of bosonic gauge 
symmetries is reduced to the Abelian 5*0(1,1), r- 
reparametrization and ^-symmetry (which we describe 
below in sec. IV E[) . and the covariant derivatives simplify 
to 



^^r^i'" = and ^%Mo = 0, we introduce the covariant 
basis isE in the space of variation such that 

' isE' 



OX — r-r- h 00 






^^^„^5™M0 I ^g^^g^ 



isE°' 



In the generic case of curved superspace isE^ = 
SZ^^E^j{Z); in our case of flat target superspace this 
implies 



DX' = {p*)-^d{p*X'), 

D¥' = {p*)~'^d{{p*fr) , 

D*, = {p*)-^'H{{p*f'H,) 



(5.13) 



As a result, Eqs. (|5.7p and (|5.8p can be written in the 
following (probably more transparent) form: 

4 ^y P* 



16Vp# 



E+-i'^[X\W], (5.14) 



e 



— [[X^XJ■],X^'] + 2e*y*- 



-4i9^ 



^+7** 



ey P 



# 



'P 



^+7'^'[*,X^']. (5.15) 



Writing Eqs. (|5.14p and (15.151) we used the redefined 
fields 



p- 



*, = {p*f''^, , 



(p#)2r = i ( g^x* _ ^L^+7*\f 



'' \ VP 

which are inert under the 5*0(1, 1), and 

e(T) = Ef/p* 



(5.16) 

(5.17) 

(5.18) 



which has the properties of the einbein of the Brink- 
Schwarz superparticle action (j2.6p . 



C. By pass technical comment on derivation of the 

equations for the center of energy coordinate 

functions 



isE" = Sx" - iSeVe , isE" = 60' 



(5.20) 



Furthermore, it is convenient to use the moving frame 
variables to split covariantly the set of bosonic equations 



^^^Wffii = into 



2 igE'' 



isE-- 



1 „-<55„ 



isE* 2 igE" 



is 
isE' 



-u 



ai SSmMO 

isE'^ 



(5.21) 



and the set of fermionic equations, "X^^° = i>rn.Mo jj^^-q 



ss.^ 



— - 4 



isE-i 
SS, 



59° 
.SS„ 



mMO -aOOniA/O 
V 



isE+1 



59° 



(5.22) 



To resume, 



J \ igE- 

, 4t5SmM0 , i 5SmM0 

isE* isE' 

-a ^SmMO , +0 5SmM0 



W^ 



isE-i 



isE+1 



(5.23) 



D. Equations for the center of energy coordinate 
functions 



This is the place to present some comments on the con- 
venient way to derive equations of motion for the center 
of energy variables (which was actually used as well when 
working with single MO in Sec IIIip . A reader not inter- 
ested in technical details may omit this subsection. 

To find the manifestly covariant and supersymmetric 
invariant linear combinations of the equations of mo- 
tion for the bosonic and fermionic coordinate functions. 



As we have already stated, the bosonic equation 



ss^_Mo. ._ i„a# ss^Mo = results in Eq. ((5Tll which is 



isE= ' 2" 6 

equivalent to (I5.12p . This observation is useful to extract 
consequences of the next equation, "^^° — 0, which 
reads 



D{{p*fH)^0. 



(5.24) 
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Using (|5.1ip one can write Eq. (j5.24p in the form of 

d{{p*fn) = . (5.25) 

or, equivalently, {p'^)'^'H — const. Due to the structure 
of 'H, Eq. (I4.20[) . this constant is nonnegative. Further- 
more, as it has been shown in [2J] (see also sec. VIIID), 
it can be identified (up to numerical multiplier) with the 
mass parameter M ^ characterizing the center of energy 
motion, 



pull-back E"" of the bosonic supervielbein to the center 
of energy worldline through the relative motion variables, 

E= := E'^u- = -^p*fC### = 

= ?,{p*ftr(-rDT + —E*\X\Wf- 
V 2 64 



^-{E+f'^-^)[X\W\ 



(5.31) 



Af2 ^ 4(^p*fn = const > 



(5.26) 



The remaining projection of the equation for the 
bosonic center of energy coordinate functions, '"A"' :— 



1 j,ai SSjr 



- = 0, gives us the relation between covariant isn='" ~ ^ reads 



The E^ :— E°-u\ projection of this pull-back is expressed 
by equations appearing as a result of variation with re- 
spect to the spinor moving frame variables. According to 
Eqs. (|2.35|) - (l2.38p . that should appear as coefficients for 
i^r^^* and igO.'^'^ in the variation of the action. Equation 



2" Sx 

50(m{xSO(9) <^artan forms (E^Zl) 



f2='' = -~{p*fn n*' 



AP 



4(p#) 



#^2 



n*' . (5.27) 



The nontrivial part of the fermionic equation of the 



center of energy motion. 



ss„ 



tsE-1 



a SSjnMO 



fi ^.f- , , ^ 






0, reads 



(5.28) 



where 



"#9 - 



{p*)hr [{^^^),r - ^(7^"'^*),[X^X''l) .(5.29) 



— (r,*\^ 



E. Noether identities for gauge symmetries. First 
look. 



Actually one can show that Eq. (|5.24p is satisfied iden- 
tically when other equations are taken into account. (To 
be precise, Eqs. ([ET|) . ([^3]) . (lE^ . (ICT)) . ((g?TT]) have to be 
used). This is the Noether identity for the 'tangent space' 
copy of the reparametrization symmetry (sometimes it is 
called 'h- symmetry') with the parameter function igE'^. 
Similarly, one can find the Noether identity reflecting the 
existence of the J\f — 16 Id gauge supersymmetry (|4.24l) - 
(|4.3ip with the basic parameter e"'"'' = igE^'^ . It states 
the dependence of the one half of the fermionic equations, 
namely 



ss„ 



isE+1 



MO ._ y-a 5S„,M0 ^ Q ^j^jpj^ j.gg^jg 



D^#, = p'E+m 



(5.30) 



^2 ' 



or E)vu = p"^ -E^^H#:### in a more complete notation. 



F. Equations which follow from the auxiliary field 
variations and simplification of the above equations 



Variation with respect to the Lagrange multiplier p'^, 
sSr„,Mo — Q^ express the projection E^ :— E'^u^ of the 



E' := E^ul = -{p*)-^ n*i {J'^ + S'^J) , (5.32) 
where we have introduced the notation 

jy := (p#)3 tr fpI^X^l - i*7^J*) , (5.33) 

(5.34) 



J := ^^^-J—tr (rXO 



The {p'^Y nrultipliers are introduced to make J'-' and J 
inert under the 5*0(1, 1) transformations. 



In this notation, equation , "i" — reads 



{p*fnE' = ~n=^ (J'J' - S'^J) - 2i(p#)^-«(7V^), . 

(5.35) 



Using ([07|) . (lO^ . ((05| and ([OS)) , one can rewrite 
Eq. ()5.35p as equation for il'^', 

n*' (m^T' - 2i[p*fv^-i''u^^ = . (5.36) 

Actually, as we are going to show in the next sec. F, 
taking into account the remnant of the Kg gauge sym- 
metry of single MO-brane (see (|2.39p and (12.401) ) , which 
is present in the mMO action, one can present the above 
equation in the form of 



n*' = , 



(5.37) 



or, in terms of component, ilf^ — 0. Due to (I5.27p Eq. 
(|5.37p implies 



n=' =0 



(5.38) 



and (|5.32p acquires the same form as in the case of single 
MO-brane, 



E' := E^ul = 



(5.39) 



Furthermore, the fermionic equation of motion (|5.28p also 
becomes homogeneous, of the same form as the equation 
for single MO-brane, 



£^-9 = 



(5.40) 
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Eqs. (j5.37|) and (|5.38l) also imply that all the moving 
frame and spinor moving frame variables are covariantly 
constant, 



Duf =0 



Du- = 
Dv+^ = , 



Dv-°' = . 



(5.41) 
(5.42) 



Notice that in the case of single MO brane such a form 
of equations for moving frame variables can be reached 
after gauge fixing the Kg gauge symmetry with parame- 
ter isfl'^''. In the mMO case only a part (remnant) of Kg 
symmetry is present so that a part of variations igQ,'^'^ 
produce nontrivial equations which, together with the 
above mentioned remnant of Kg symmetry,results in Eqs. 



G. Noether identity, remnant of the Kg gauge 
symmetry and the final form of the Jl*' equation 

In this section we present the remnant of Kg gauge 
symmetry leaving invariant the mMO action and show 
that, modulo this gauge symmetry, Eq. (|5.36p is equiva- 
lent to ((07|) . 

Let us write Eq. (|5.36p as 



n*^ T = 



where 



T^' = A4^ri 



2iip*f ,.--,'■ 



'# 



(5.43) 



(5.44) 



As this 9x9 matrix is antisymmetric, it has rank 8 or 
lower, rank{T^) < 8. In other words, it has at least one 
'null vector', this is to say a vector V^ which obey^ 



3V' 



1,...,9 



T^V^ =0. 



(5.45) 



Actually, the matrix y^ is constructed from the dynam- 
ical variables of our model in such a way (according to 
Eqs. (|5.44|) and ()5.33p ) that the number of its null vec- 
tors depends on the configuration of the fields describing 
the relative motion of the mMO constituents. However, as 
one 'null vector' always exists, it is sufficient to consider a 
configuration with rank(y^) = 8, and y^ having just one 
'null vector', at some neighborhood Ar of a proper-time 
moment t; the generalization for a more complicated con- 
figurations/neighborhoods is straightforward. 

Then, on one hand, the solution of Eq. (|5.43|) in the 
neighborhood Ar is given by flf"^ ex V^ , or, equivalently. 



ilf ^ fV 



(5.46) 



^ This should not be confused with Ught— Uke vectors which can 
exist in the space with indefinite metric. In particular, our flD 
the moving frame vectors n^ and m* are light— like. To exclude 
any confusion, in this paper we never use the name 'null-vectors' 
for the light— like vectors. 



where / = /(t) is an arbitrary function of the center of 
energy proper time t. [For configurations/neighborhoods 
with several 'null vectors' 1^', r = 1, ..., (9 — rank I) the 
solution will be ftf^ = f Vj! with arbitrary functions 

r = nr)]. 

On the other hand, the existence of null vector, Eq. 
(|5.45p . implies that a part of Eqs. (|5.43p is satisfied iden- 
tically 



npy^v^ = 



(5.47) 



when some other equations are taken into account. This 
is the Noether identity reflecting the existence of the 
gauge symmetry with the basic variation^*^ 



«5 



n*' ^aV 



(5.48) 



with an arbitrary function a — a{T). This is clearly a 
remnant of the Kg gauge symmetry (|2.39p of the action 
dm]) for single MO-brane. 

The generic variation of the Cartan l-form J7** can be 
expressed as in Eq. (|2.45p . which in our Id case can also 
be written as 



5n*' = Drisn*' 



(5.49) 



Applying (|5.49p to the variation of the solution (I5.46P of 
Eq. (I03)) under ((OHl) . we find that 



6 fir) =. dra{T) 



(5.50) 



Hence, one can use the local symmetry (I5.48P to set / = 
and, thus, to gauge away (to trivialize) the solution (j5.46p 
ofEq. dnUl). 

This proves that the gauge fixing version of Eq. (|5.43p 
is given b y Eq. dOT]) . fl*' = 0. 

In sec. IVIIII we give more detailed discussion of the 
above local symmetry and its Noether identities repro- 
ducing independently the above conclusion for the purely 
bosonic case. 



VI. GROUND STATE SOLUTION OF THE 
RELATIVE MOTION EQUATIONS 

The natural first step in studying the above obtained 
mMO equations is to address the sector of 



*o=0. 



(6.1) 



As far as the fermionic equations of motion have the 
same form (|5.40p as for the single MO-brane, E~ = 0, 
the only possible fermionic contribution to the relative 



^^ See sec. IVIIII for more details on these Noether identity and 
gauge symmetry in the purely bosonic case. Here let us just recall 
that Eq. I|5.36|l appears as an essential part of the coefficient for 
ii5f2#' in the variation of the mMO action. 
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motion equations might come from the induced gravitino 
ij+^ = d9°'v^''. However, with (I6.ip . the fermionic equa- 
tion of the relative motion (15.81) resuhs in 



(6.2) 
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E+YT - -E+Y^ [X\X^] = 



As it wih be clear after our discussion below, for M^ > 
this equation has only trivial solution i?+' — 0, while for 
AP — the Id gravitino E^"^ remains arbitrary. 



Thus any nontrivial configuration of the relative mo- 
tion, with either P* 7^ or/and [X\X-'] ^ 0, creates a 
nonzero effective mass of the center of energy motion, 
M2 = 0. 



VII. SUPERSYMMETRIC SOLUTIONS OF mMO 
EQUATIONS 



Ground state of the relative motion 



Supersymmetric solutions of the mMO 
equations have Af ^ = 



It is easy to see that a particular configuration of the 
bosonic fields for which Eq. (|6.2p is satisfied is 

P'' = 0, [X\X^] = 0. (6.3) 

Then the fermionic 1-form i?+' remains arbitrary (and 
pure gauge) as it is in the case of single MO brane. 

Together with (|6.1|) . Eqs. (|6.3|) describe the ground 
state of the relative motion. For it the relative mo- 
tion Hamiltonian (|4.20p and the center of energy effective 
mass vanish, 



M2 = 



(6.4) 



so that the center of energy motion is light-like. More- 
over, when Eqs. (|6.ip and (16. 3p hold, all the equations of 
the center of energy motion coincide with the equations 
for single MO-brane. 

The ground state of the mMO system is thus described 
by Eqs. (|6.1|) . (|6.3|) and by a (pure bosonic) ground state 
solution of the single MO equations. This preserves all 
16 worldline supersymmetries, which corresponds (as we 
have discussed in Sec. II) to the preservation of 16 of 32 
spacetime supersymmetries. 



B. Solutions with A/^ — have relative motion in 
the ground state sector 

Curiously enough, being in the ground state of the rel- 
ative motion is the only possibility for the mMO system to 
have the light-like center of energy motion characterized 
by zero effective mass 



M^ = ^ H = l-tr(. 



- —tr\T,X^]^ = . (6.5) 



Indeed, the pure bosonic relative motion Hamiltonian Ti 
is given by the sum of two terms both of which are traces 
of squares of hermitian operators ([[X^X-']^' = [X-',X*] = 
— [X*, X-*]); hence, the sum vanishes, H = 0, iff both equa- 
tions in (ESI) hold ", P* = D#X' = and [X*,X^] = 



^^ We do not discuss here the possible nilpotent contributions, like 
the possibility to solve the equation a^ = for a real bosonic a{T) 



by a = /3, 



ai-.-an'' 



. 0°''^-'' with 17 center of energy fermions 



From Eq. (14. 29^ one concludes that a solution of the 
mMO equations with vanishing relative motion fermionic 
fields, Eq. (|6.ip . can be supersymmetric if 



{^^l\ 



I 

-(£ 



(eV^),[X\X-']-0 



(7.1) 



All the 16 worldline supersymmetries (1/2 of the target 
space supersymmetries) can be preserved iff this equation 
is satisfied for arbitrary e"*"^. This implies 



7, 



IV 



87;^p[X\X^] 







(7.2) 



the only solution of which is given by the ground state of 
the relative motion, Eq. (|6.3p . 

Thus all the bosonic solutions of mMO equations pre- 
serving 16 supersymmetries have the trivial relative mo- 
tion sector described by Eq. (|6.3p which is characterized 
by the light-like center of energy motion, A/^ — 0. 

This suggests that M"^ = 0, is the BPS condition, 
i.e. the necessary condition for the 1/2 supersymmetry 
preservation. As we are going to show, this is indeed the 
case, and, moreover 



M^ = 



(7.3) 



is the BPS equation for preservation of any part of the 
target space supersymmetry. 

Indeed, on one hand, tracing Eq. (|7.ip with 7^P-' and 
using the properties of tr we find 

8 

On the other hand, tracing ([TT]) with |7-''=[X^X''] and 
using the Jacobi identities [X['[X-',X''l]] = we find 



B°'{t) contracted with some fermionic /3q 



^^[c-l. 



^'^ This is true for finite size matrices. In the N 1-^ oo limit (mMO 
condensate) one can consider a 'non-commutative plane' solution 
with [X*,X^ = J0'J and c-number valued 0*^ = — 0^*, see for 
instance, [4Cl| . In the case of finite N this solution cannot be 
used as far as the right hand side is assumed to be proportional 
to the unity matrix, ImxN while the trace of the commutator 
vanishes. 
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Taking the sum of these two equations and using (I5.5|) 
(with fermionic fields set to zero) we find e+'H — 
which, using (j5.26|) . can be written as e+' AP ~ 0, 



e+9 Af 2 = 



e+m = 



(7.4) 



For Af2 ^ this implies e+' = 0, so that the supersym- 
mctry is broken. Thus all the supersymmetric solutions 
of mMO equation are characterized by M^ = 0. 

This fact is very important: it means that the exis- 
tence of our action does not imply the existence of a 
new type of supersymmetric solutions of the IID SUGRA 
equations^'^. A BPS solution is in correspondence with 
the ground state of the brane or of the multiple brane 
system; the ground state of mMO system is character- 
ized by the vanishing effective mass and with the center 
of energy motion characteristic for the single MO-brane. 
Thus a supersymmetric solution of IID SUGRA equa- 
tions corresponding to single M-wave also describe the 
mMO (multiple M-wave) ground state. 



This means that (|6.ip results in 
^+5 ^ , 



(8.1) 



so that, when Af^ > 0, a configuration with vanishing 
relative motion fermion is purely bosonic. 



A. Purely bosonic equations in the case of M^ > 

The complete list of nontrivial pure bosonic equations 
for mMO system with nonvanishing center of energy mass, 
A//2 > 0, reads 

Dp* = ^ "^°' = $' (8-2) 



[D#X\X'] =0, 



^1 



r* TJiifJ 



X^], 



(8.3) 
(8.4) 



B. All BPS states of mMO system are 1/2 BPS 

As we have shown, a solution of mMO equations can 
preserve some part of the 16 worldline supersymmetries 
(and some part (< 1/2) of the target space supersym- 
metry) if and only if AP = 0. Now, in the light of the 
observation in sec. IVIBI M^ = implies that the rel- 
ative motion of the mMO constituents is in its ground 
state, Eq. ()6.3p . This has two consequences. Firstly, as 
the ground state trivially solves the Killing spinor equa- 
tion (j7.ip . it preserves all the supersymmetries allowed 
by the center of energy motion. Secondly, when the rel- 
ative motion sector is in its ground state, the center of 
energy sector of supersymmetric solution is described by 
the same equations as the motion of single MO-brane 
(massless IID superparticle). Now, as we have shown 
in sec. IVIIBl the supersymmetric solutions of these MO 
equations preserve just 1/2 of the target space supersym- 
mctry. 

This proves that all the supersymmetric solutions of the 
equations of motion of the mMO system preserve just one 
half of 32 target space supersymmetries. In other words, 
all the mMO BPS states are 1/2 BPS. 



E= 



dx'^u' 



M2 



3E# ( {p*rtr{D#Xr - 4(^^^, 



E' := dx^ul = 



n*' = , 



(8.5) 
(8.6) 

(8.7) 
(8.8) 



where E'^ — dx"'uf and the center of energy mass Af is 
defined by Eq. ([5%| . AP = 4{p*yn, with the relative 
motion Hamiltonian 



n = trQ(i?#r)2-l[r,x^]^) 



(8.9) 



Notice that (as we have discussed in the general case) 
the currents 



ri = {p*f trD^X^'W^ , 
{p*f 



J = 



-trD^X: 



(8.10) 



VIII. ON SOLUTIONS OF mMO EQUATIONS 
WITH A/2 > 

When A-P /= 0, Eq. (|6.2p has only trivial solutions. 
(The proof of this fact follows the stages of sec. IVII Al) . 



^^ Although this statement can be done about the solutions pre- 
serving 1/2 of the IID supersymmetry, as it will be clear in a 
moment, it is universal as far as a supersymmetric solution of 
mMO equations can preserve only 1/2 of the tangent space su- 
persymmetry. 



disappear from the final form of equations when one takes 
into account the presence of the remnants of the Kg sym- 
metry. As far as this statement is very important in the 
analysis of the mMO equations, we are going to give more 
detail on this symmetry and gauge fixing now. 

But before let us make an observation that the current 
J*-' is covariantly constant on the mass shell (i.e. when 
the above equations of motion are taken into account), 



D.r^ = 



5.11) 



In contrast, in the generic purely bosonic configuration 
the scalar current is not a constant, DJ = dJ ^ 0. 
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B. Remnant of Ti'g symmetry in the bosonic limit 
of the mMO action and Jl*' equations 

The variation of the bosonic hmit of the mMO action 
(I4.19|) can be written in the form 



SS, 



mMO 



Su'^n* 



W^ 



st'i^n- 



vyi 



SUsE' 



5.12) 



Vl/i 



where 



sf = p#E^ + n#^{,p3 + s'^j) , 

£1 = p*n=' + M^n*'/ip* , (8.13) 



with J*J and J defined in ((8?T0| and ((04| . and dots de- 
note the terms involving the other basic variations {Sp"^ , 
isE^ etc.). Furthermore, one can rearrange the terms in 
(I8.12P in the foUowing way: 






AP 



isn*' - 



jis 



w 

M2 



2(p#) 



4(p#)2 

dT nfj'Hgn*^ + ... , 



w^ 



.14) 



In this form it is transparent that the equations of motion 
corresponding to the isfl'^-^ variation can be written in 
the form 



ntr^ ^0, 



5.15) 



which is the bosonic hmit of Eq. (|5.36p . As we have 
aheady discussed in the general case, Eq. (j8.15p always 
has a nontrivial solution as far as the antisymmetric 9x9 
matrix J*-' = —J-'* always has at least one null vector, a 
non-zero vector V^ such that V^J^^ — 0. 

Each null-vector generates a nontrivial solution of 
(|8.15|) . but also a gauge symmetry of the mMO action. 
Indeed, as one can easily see from (|8.14p . the transfor- 
mations with r-depcndent parameter igOj^^ obeying 



rHsn*^ = . 



(8.16) 



completed by 



Af2 



r»<5 



n*\ 



- 4(p#)2 



5.17) 



leave the action invariant, SS^^j^jq = 0, and, thus de- 
fine the gauge symmetries of the mMO action. The 
transformations of ftf^ under this gauge symmetry are 
Silf"^ = Z^T-i^fi'^* (I5.49p . As far as in purely bosonic limit 
D,P^ = on the mass shell (see Eq. (|8TT|) ). 



rWris^*^ = 



(8.18) 



is also obeyed. Furthermore, in Id case all the connection 
can be gauged away so that the transformation rules of 
the nontrivial solution of Eq. (|8.15p can be summarized 
as follows 



snf ^ dris^*' , 



j'Hsn*^ = , 

drJ^^ = . 



(8.19) 



This form makes transparent that any nontrivial solution 
of Eq. ()8.15p can be gauged away using local symmetry 
()8.18p . ()8.17p . Thus, modulo the gauge symmetry, Eq. 
(|5J5|) is equivalent to Eq. dHT]), n*' ^0. 



C. Center of energy velocity and momentum for 

Let us notice one property of the center of energy mo- 
tion of our MO system which, on the first glance, might 
looks strange, and try to convince the reader that it is 
rather a natural manifestation of the influence of relative 
motion on the center of energy dynamics. 

Using Eqs. (|8.5I) . (|8.6|) we can easily calculate center of 
energy velocity of the bosonic limit of our mMO system, 

£<' ■= drx" = \e=u*'' + \e*u='' - Elu'" = 

- \e* [u-'^ + 3u*^ i^ip*ftriD^Xr ^ 

(8.20) 

On the other hand, the canonical momentum conjugate 
to the center of energy coordinate function x"' is^** 



Pa 



— p^ \ u„ +u^ 



dx°- 



a ' a 



4(p#) 



#^2 



(8.21) 



This equation justifies our identification of the constant 
A/P as a square of the effective mass of the mMO system 
as it gives 



P^Pa = M^ 



..22) 



Thus, generically, the center of energy velocity and its 
momentum are oriented in different directions of IID 
spacetime. 



Xa OC [JPa -^a ) i 



Aa = U 



#a 



M2 



?,{p*Ytr{D^X 



i\2 



(8.23) 

(8.24) 



Eq. (j8.23p might look strange if one expects the center 
of energy motion to be similar to the motion of a free 



14 £mMO jg tj^g Lagrangian of the mMO action ||4J9)| . SmMO 
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particle. However, this relation is characteristic for a 
charged particle moving in a background Maxwell field 
(see e.g. [43 )• In our case the counterpart ()8.24|) of 
the electromagnetic potential Aa is constructed in terms 
of the relative motion variables. It vanishes when the 
relative motion is in its ground state. 

Thus the seemingly unusual effect of that the mMO 
center of energy velocity and momentum are not parallel 
one to another is just one of the manifestations of the 
mutual infiuence of the center of energy and the relative 
motion in mMO system. The relative motion variables, 
when they are not in ground state, generate a counterpart 
of the IID background vector potential for the center of 
energy motion. 



D. An example of non-supersymmetric solutions 



Let us fix the gauge dSU, ((5T0)) . V.'-J = = A, use 
the SO {1,1) gauge symmetry to set p# = 1 and the 
reparametrization symmetry to fix Ef = 1^^, 



17;^' = = A^ , E* = 1 = p* 
Then 

and Eqs. ()8.3|) simplify to 

X* = -— [[X\XJ1X^1, 
16 ^^ ' ^ ^ ' 

[X'',X*] =0. 



(8.25) 
(8.26) 

(8.27) 
(8.28) 



These very well known equations describe the Id reduc- 
tion of the lOD SU{N) Yang-Mills gauge theory. 

A very simple solution of Eqs. (|8.27p and (|8.28p is 
provided by 



\t) = {A't + B')Y, 



5.29) 



where Y is a constant traceless N x N matrix, A^ and B* 
are constant SO(9) vectors, and r is the proper time of 
the mMO center of energy. The center of energy effective 
mass is defined by the trace of Y^ and by the length of 
vector A^ {A"}, 

M^ ^AT-L = 2A^trY'^ , A^ := A' A' . (8.30) 



^^ Actually, to be precise, there exists an obstruction to fix such a 
gauge by r reparametrization [431 . The best what one can do is to 
fix 9tE* = 0, while the constant value remains indefinite. This 
is especially important for path integral quantization, where the 
integration over this constant value (mudulus) should be included 
in the definition of the path integral measure. As here we do not 
need in this level of precision, we allow ourselves to simplify the 
formulas by just setting this indefinite constant to unity. 



Actually, by choosing the initial point of the proper time, 
T 1—^ T—a, we can always make the constant S0(9) vectors 
A'' and i?' orthogonal. 



AB := A^B' = 0. 
Then the 'currents' ((51^ read 



ji3 = A^iB^hrY^ 



2^2 



M^ 



.31) 



J = M"^ . (8.32) 



Now the equations for the center of energy coordinate 
functions (j5.31|) . (|8.6|) and the gauge fixing condition 
Ef — 1 imply 



x^uf = 1 . 



(8.33) 
(8.34) 
(8.35) 



With our gauge fixing, Eqs. (|5.4ip . which follow from 
(|8.7p . (|8.8|) . implies that moving frame vectors are con- 
stant 



uf =0 , u„ =0 



ul=0 



(8.36) 



Thus ((8?33)) . ((Oi)) . (|835)) is a simple system of linear 
differential equations 



i= = 3AfV4, 



for the variables 



X — X u„ 



i* = 1 



^# _ 2.ay# 



(8.37) 
(8.38) 
(8.39) 

x^ = x^uj, . (8.40) 



This system can be easily solved for the 'comoving frame' 
coordinate functions (|8.40p . The solution in an arbitrary 
frame 






,#M 



.41) 



describe a time-like motion of the center of energy char- 
acterized by a nonvanishing effective mass (|8.30p . The 
velocity of this motion. 



.„ 1 / 3M2 „ 

2\ ^' 4 '" 



(8.42) 



is not parallel to the canonical momentum (see (|8.2ip ) 

M2 



# 



Pm = "m + ~"/^ 



(8.43) 



As it was discussed in general case in sec. IVIII CI this is 
due to the influence of the relative motion of the mMO 
constituents on the center of energy motion and can be 
considered as an effect of the induction by the relative 
motion dynamics of a counterpart of the Maxwell back- 
ground field interacting with the center of energy coor- 
dinate functions. In the case under consideration this 
induced Maxwell field is constant, A^ = """u A^^/2. 
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E. Another non-supersymmetric formal solution 



IX. CONCLUSIONS AND DISCUSSION 



In the case of the system of 2 MO branes, the 2x2 
matrix field X* can be decomposed on PauU matrices, 
T = /}(r)a^ 

a'cr- ^6^'^l2x2+ie''^^<J^ , I,J,K = 1,2,3. (8.44) 



J^J 



The simplest ansatz which solves the Gauss constraint 
(15:281) is /}(t) = 6jf{T) so that 

r(r) = /(t),5>^ z = 1,...,9; /, J, i^ = 1, 2, 3.(8.45) 
Eq. (|8.27p then implies that this function should obey 
1 



f + ^,f-o. 



(8.46) 



The simplest solution of this equation is given by /(r) = 
— which is complex and thus breaks the condition that 
X* is a hermitian matrix. Actually one can consider this 
solution, 



r(r) 



2i 



■s\ 



J = l,2,3. 



5.47) 



as an analog of instanton as far as after Wick rotation 
T I— > IT restores the hermiticity properties. 

Ignoring for a moment the problem with hermiticity we 
can calculate the Hamiltonian and find that it is equal 
to zero. Thus ()8.47p is a solution with vanishing center 
of energy mass, M^ = 0. 

A configuration (I8.45P with nonzero effective center of 
energy mass can be obtained by observing that (|8.46|) has 
a more general solution given by the so-called Jackobi 
elliptic function 43|. These functions obey 



f 



-fV^ + c 



(8.48) 



with an arbitrary constant C. The above discussed par- 
ticular solution (|8:47l) of ([Qe]) solves ^^M^ with C = 
which suggests the relation of C with AP. Indeed, a 
straightforward calculation shows that C — Af^/12 so 
that the instanton-like solution of the mMO equations of 
relative motion is given by 2x2 matrices (j8.45p with the 
function /(r) obeying 



f = 



12 



(8.49) 



The set of equations for the center of energy motion 
includes (jOg]) . (1051) and 



X- = 3MV4 - 9(/(r))V2 



(8.50) 



This equations can be solved numerically, but its detailed 
study goes beyond the score of this paper. 



In this paper we obtain and study the equations of mo- 
tion of multiple MO-brane (multiple M-wave or shortly 
mMO) system. In particular, we have shown that all the 
supersymmetric solutions of mMO equations preserve just 
one half of the IID supersymmetry and are characterized 
by a trivial relative motion sector. This implies that all 
the mMO BPS states are 1/2 BPS and have the same 
properties as BPS states of single MO-brane. In the light 
of the possibility to describe the BPS states by the solu- 
tion of the supergravity field equations this implies that 
our results do not suggest existence of new exotic so- 
lutions of IID supergravity: the mMO BPS states are 
described by the same type supergravity solutions as the 
single M-wave (see |44| for discussion on this solution). 

Our mMO equations follow from the covariant super- 
symmetric and K-symmetric mMO action proposed in 24 1 
and we have also studied the gauge symmetries of these 
action. In particular we have found that this mMO action 
is invariant under an interesting reminiscent of the so- 
called Kij gauge symmetry characteristic for the spinor 
moving frame formulation of IID massless superparticle 
(which is to say of single MO-brane) . The accounting of 
this symmetry is necessary to find the final form of the 
bosonic equations of motion for the center of energy coor- 
dinate functions. This allows to check that the center of 
energy dynamics does not suffer indefiniteness, as might 
seem when looking on the original form of the center of 
energy equations which includes some number of arbi- 
trary functions of proper time: just the above mentioned 
reminiscent of the Kq symmetry allows to gauge away all 
these arbitrary functions. 

Our equations for the system of N MO-branes are split 
on the equations for center of energy coordinate functions 
and moving frame variables, which are of the same type 
as the fields describing a single MO-brane, and the rela- 
tive motion equations involving the bosonic and fermionic 
traceless N x N matrix fields X' and ^^ (as well as aux- 
iliary matrix fields: momentum P' and Id SU{N) gauge 
potential A). The center of energy variables also en- 
ter the relative motion equations. There exists also the 
'backreaction'- the infiuence of the relative motion on the 
motion of the center of energy. This is characteristic for 
the purely bosonic Myers actions Q and their general- 
izations [ill, but was not catched by the superembed- 
ding approach to mMO system developed in [ij, |20] be- 
cause it was based on the standard superembedding ap- 
proach equation for the center of energy variables. How 
to change this center of energy superembedding equation 
to account for 'backreaction' of the relative motion on 
the center of energy dynamics is one of the interesting 
problems for future. 

The most important effect of the 'backreaction' of the 
relative motion (noticed already in [2J]) is that, in dis- 
tinction to the case of a single MO-brane, the generic 
center of energy motion of mMO system is characterized 
by a nonvanishing effective mass M constructed from the 



19 



matrix field describing the relative motion. Its square is 
expressed by AP ~ A{p^Y'H in terms of relative motion 
Hamiltonian "H and the Lagrange multiplier p^ (which 
can be gauged to a constant). Both p^ and Ti, are co- 
variantly constant on mass shell (i.e. when equations of 
motion are taken into account) and this guaranties that 
M^ is constant. The fact that this constant in nonneg- 
ative can be easily seen from the explicit expression for 
the relative motion hamiltonian T-L. 

Another 'backreaction' effect consists in that, when the 
relative motion is not in its ground state, the center of 
energy velocity and the canonical momentum conjugate 
to the center of energy coordinate function are oriented 
in different directions of the IID spacetime. This can be 
treated as an effect of interaction of the center of energy 
coordinate degrees of freedom with the counterpart of 
Maxwell background field induced by the relative motion. 

All the 'backreaction' effects disappear when M^ — 0. 
In the purely bosonic case, it is easy to see (sec. IVIB[) 
that, when M^ = 0, the relative motion is in its ground 
state described by constant commuting X' matrices, Eqs. 
((O)) . Moreover, we have found that M^ = is the EPS 
conditions for supersymmetric purely bosonic solutions 
of the mMO equations (sec. IVII Ap . This implies that all 
the supersymmetric bosonic solutions of the mMO equa- 
tions preserve just 1/2 of the target space supersymmetry 
(16 of 32), which implies that all the BPS states of mMO 
system are 1/2 BPS. The proof uses, among the others, 
the fact that all the BPS states of a single MO-brane are 
1/2 BPS, which we have demonstrated in the introduc- 
tory Sec II devoted to spinor moving frame formulation 
of a single MO brane (IID massless superparticle) model. 

Furthermore, we have shown that all the supersymmet- 
ric solutions of mMO equations have the relative motion 
sector in its ground state. For this the relative motion 
Hamiltonian vanishes "H = 0, and, hence, the effective 
mass of the center of energy motion of mMO system is 
equal to zero, NP = 0. Then the equations of the cen- 
ter of energy momentum is light-like and parallel to the 
center of energy velocity. Moreover, all the equations of 
the center of energy motion acquire the same form as 
equations for single MO-brane , so that all the supersym- 
metric solutions of the mMO equations are characterized 
by a solution of single MO-brane equations, describing 
the light -like movement of the center of energy of these 
supersymmetric mMO configuration plus the nanoplet of 
constant commuting traceless N x N matrices X' (where 
N is the number of constituents of the mMO system). 
These latter moduli of the mMO system are the same as 
in Id SU{N) SYM theory 

One of the most important problems for future study 
is the search for generalization of our mMO action for 
the mMO system in an arbitrary IID supergravity back- 
ground. Such a search does not promise to be simple (see 
[4a | for relevant studies of related bosonic models) so that 
different approximations seems to be welcome. Probably 
a good starting point is to search for the generalization to 
the case of curved superspace with constant fluxes, such 



as ^^5*4(7) X S''^("*) and pp-wave superspaces. 

Another important problem is to understand whether 
it is possible to generalize our mMO action for the case of 
multiple M2-brane (mM2) system. Both these problems 
are under investigation now. 
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APPENDIX A Equations of motion for a single MO 
brane 



In this appendix we collect the equations of motion for 
the single MO-brane obtained from the spinor moving 
frame action (PT|) . (j^ . They read 



E= := E-u= = 0, 
E' := E'^u'^ = 0, 

Dp* = ^ f^(°) = ^ , 

n=' ^ ^ Du= = ^ 

^ Dv-" = , 
E-1 := E°v-i ^0. 



(A.l) 
(A.2) 

(A.3) 



(A.4) 
(A.5) 



These equations are formulated in terms of pull-backs 
of bosonic and fermionic supervielbein forms of flat IID 
superspace to the mMO worldline W^ 



E'' = dx" - idove , 
E'^ = d9" 



a = 0,1,..., 10, 
a = 1,...,32, 



(A.6) 

(A.7) 



which are constructed from the coordinate functions 
a;''(r), ^"(r) of the proper time r, and of the moving 
frame and spinor moving frame variables u^, u^, «„'. 
The properties of these latter as well as of the Cartan 
forms ri^% ri*-*^' and covariant derivatives D are collected 
in the next Appendix B. 

In (|A.6p and in the main text we have used the real 
symmetric 32x32 IID F-matrices F°^ = (7°C)q^ which, 

together with f;^'^ = (C7a)"^, obey Pt'^f'') = 77''''l32x32. 



APPENDIX B Moving frame and spinor moving 
frame variables 



Moving frame and spinor moving frame variables 
are defined as blocks of, respectively, 5*0(1,10) and 
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Spin{l, 10) valued matrices, 



[/,(") = (^^^,7/*,,^^%^) e 50(1,10) (B.l) 



{i — 1, ...,9) and 



+a 

q_ 
1 



V(^f = ( y_^ ] G Sptnil, 10) . (B.2) 



We also use 

V^^^ = (i;ag+,«ar) ^ 5pin(l,10) , (B.3) 

with 

Vaq = iCapV'^ , Uq+ = -iCapV^'^ (B.4) 

obeying 



%rF,(")=.<5(,)(") = (^'^^ ^0^ 



(B.5) 



<=> 






The algebraic properties of moving frame and spinor 
moving frame variables are summarized as 



u=m'»==0, u=u'''={) 



,a# _ 



2 , (B.l 



ufu'^* = , u #w" = , (B.7) 

v^^u"' ^ ~5''K (B.8) 



i;-r,i;; = -<7^p , (B.9) 



2i;-%-^ = f'^"^^ , 2i;+%+^ = f""^w# , 

2i;-("w+'^) = -f ""/^^ . (B.IO) 



In (|B.9[) and (jB.10[) we have used real symmetric 16x 16 
9d Dirac matrices 7^^ = 7*^ which obey Clifford algebra 



^■'y +yy ^2J*^/i6xi6 , 



(B.ll) 



and 



T?|9''^P')P + ^p(9''^P')9 = Tg'p' V - '^q'p'^gp • (B.13) 

Derivatives of the moving frame and spinor mov- 
ing frame variables are expressed in terms of covariant 

SO{l,W) Ci^r\f^r^ forms 

so(i,i)y.so(9) saltan rorms 

Or' = u=''d< , rj#' = u#''d< , (B.14) 

and induced 50(1, 1) x SO{9) connection 



4 " 

9,'^ = u'^dui . 



(B.15) 
(B.16) 



It is convenient to use these latter to define covariant 
derivative. Then 

Dub=^ := dub= + 2n^°^Uh= = ui,'n=\ (B.17) 

Dub* := dub* - 2VL^°'^Ub* = Ub'n*' , (B.18) 

Dub' := dub' - n'^Ub^ = - Ub*n=' + - Ub=n*' . 

(B.19) 

(B.20) 

(B.21) 

(B.22) 
(B.23) 



Dv--^ := dv--^ + f7(")«-" - -n^'ll^pv-^ 



= *i; + "-/« 



Dv+'^ := dz;+" - f}(°)z;+" - i^^^7;>p+" 



^*^«;"7;, 



The Cartan forms obey 

DVr' = , on*' = , 

4 

G'j' := drj'^' + ^'^ A r^'^^' = -n= i* a f7#^i . (B.24) 

Notice that, e.g. 

DDu* = 2F(")uf , DDuJ = uiG^' . (B.25) 

The essential variations of moving frame and spinor 
moving frame variables can be written as 

Sub= = UbHsn=' , dub* = UbHsQ*' , (B.26) 

5ub' = i ub*isn=' + \ ub=isn*' . (B.27) 



5v-^ = -1^,17=^^+"^^^ 



K" = -o*^"*'v"7;. 



(B.28) 
(B.29) 



where is^ * and igU,'^'^ are independent variations. 
The essential variations of the Cartan forms read 

sn*' = Disfi*' , 6n=' = Disn=' , (B.ao) 
sn'^ = n^^Hsn*^^ - f7#i'i5f7=Ji , (B.31) 



(517^°) = ifi=^i5^#^ - J^^'i^f^^ 



(B.32) 



APPENDIX C mMO equations of motion 

The niMO system, which is to say an interacting sys- 
tem of N nearly coincident MO-branes, is described in 
terms of center of energy variables, which similar to the 
variables of a single MO-brane described in Appendix A, 
and the traceless N x N matrices X' {i = 1,...,9), *g 
(q = 1,...,16). Our action includes also the auxiliary 
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N X N matrix fields: momentum P' and the Id SU(N) system splits naturally on the equations for the relative 
gauge field A,- (A = cItAt). motion variables, 

The complete list of equations of motion for the mMO 



J 



D¥' = -^E*[[X\ W]X^] + 2E* *7''* + ^+'?7g[*p, X^'], 
£>* = -E*[X\ (7^*)] + -E+fV - —E+Y^ [X\W] . 



(C.l) 



and the center of energy equations which can be considered as a deformation of the system of equations for single MO 
brane. After fixing the gauge under a reminiscent of the Kg symmetry, these equation read 



E= := E''u= = 3{p*)^tr (-FWX' + —E*[X\X^]^ - -{E+-/'^^)[X\X^]\ , 



(C.2) 



r 



n*' = 

Dp* 



E' := E^ul = , 
E-'^ := ^"w-9 = 0, (C.4) 

Du= = 0, Duf = 0, 



(C.3) Eq. (|C.7I) expresses M^ in terms of Lagrange multiplier 
p* and the relative motion Hamiltonian 



Dvg" = , L»w+" = . 



(C.5) 



^ f}(°) 



dp* 
2p* 



H = -tr {PV) 



—tr [T,X^f -2tr {X' *7*^) .(C.9) 



The definition and properties of the covariant deriva- 

(C.6) tives of the spinor moving frame variables and of the 

Cartan forms, described in the main text, are collected 



As a consequence of the above equation the effective ^^ Appenaix a 

If we fix the gauge where the composed S0(9) connec- 
tion and also the SU(N) gauge field vanish, 



mass M of the mMO center of energy motion 

Af2 = A{p*fn , 
is a constant 

rfM^ = . 



(C.7) 



f]'J = dril'^ = , 



drAr ^ 0, (CIO) 



the equations of relative motion and Eq. (|C.2p simplify 
(C.8) to 



4 '2vp* 16 Vp* 



dr ( -drX 



drX = eP* + 



f[X*, W]W] + 2 e *7** + 4ia^ - ^ ' 
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eVP 



,# 



,^+^y[^,ij] 



Ai 



0# 



4+7'* , r,x^] = 4z{^„*j 



p*E= = itr { -TdrX + — e[X\XJp ^-= (E+f^-^\ [X*,X 

\ 2 64 A\/n# ^ ^ 



4Vp^ 



(C.ll) 



These equations are written in terms of redefined fields. 



X' 



,*x , ^, = {p*f'^^, , r = {p*) 



,#^2p,: 



drX 



Ai 



E^f^ , 



(C.12) 



and 



e(r) 



= E*/p* 



(C.13) 



22 



[1] E. Witten, Bound states of strings and p-branes, Nucl. 
Phys. B460, 335 (1996) hep-th/9510135 . 

[2] E. Bergshoeff and P. K. Townsend, "Super D-branes," 

Nucl. Phys. B 490 (1997) 145 hep-th/9611173 . [18] 

[3] R. C. Myers, Dielectric-branes, JHEP 9912, 022 (1999) 
liep^th/9910053 . 

[4] A. A. Tseytlin, "On non-abelian generalisation of the [19] 
Born-Infeld action in string theory," Nucl. Phys. B501, 
41-52 (1997) hep-th/9701125 . [20] 

[5] P. S. Howe, U. Lindstrom and L. Wulff, "Super- 
strings with boundary fermions," JHEP 0508, 041 
(2005) hep-th/0505067 ; On the eovariance of the Dirac- 
Born-Inf eld- Myers action, JHEP 0702, 070 (2007) 
hep-th/0607156 . 

[6] I. A. Bandos, "On superembedding approach to multiple [21] 
D-brane system. DO story," Phys. Lett. B680, 267-273 

(2009) arXiv:0907.468l] [hep-th]]. 

[7] D. P. Sorokin, "Coincident (super)Dp-branes of codimen- 

sion one," JHEP 0108, 022 (2001) ;hep-th/0106212 ; [22] 

S. Panda and D. Sorokin, "Supersymmetric and kappa 
invariant coincident DO-branes," JHEP 0302 (2003) 055 
[hep-th/0301065 . 
[8] H. Samtleben, E. Sezgin and R. Wimmer, "(1,0) super- [23] 
conformal models in six dimensions," JHEP 1112 (2011) 
062 arXiv: 1108.4060 [hep-th]]; H. Samtleben, E. Sezgin, 
R. Wimmer and L. Wulff, "New superconformal mod- 
els in six dimensions: Gauge group and representation 
structure," arXiv: 1204.0542 [hep-th]. 
[9] J. Bagger and N. Lambert, "Gauge Symmetry and [24] 
Supersymmetry of Multiple M2-Branes," Phys. Rev. 
D77 (2008) 065008 arXiv:0711.0955 [hep-th]]; "Com- 
ments On Multiple M2-branes," JHEP 0802 (2008) 105 [25] 
arXiv:0712.3738 [hep-th]]; A. Gustavsson, "Algebraic 
structures on parallel M2-branes," Nucl. Phys. B 811, 
66 (2009) arXiv:0709.1260 [hep-th]]. [26] 

[10] J. A. de Azcarraga and J. M. Izquierdo, "n-ary algebras: 
A Review with applications," J. Phys. A A 43 (2010) 
293001 arXiv: 1005. 1028 [math-ph]]. 

[11] O. Aharony, O. Bergman, D. L. Jafferis and J. Malda- 
cena, "N=6 superconformal Chern-Simons-matter theo- 
ries, M2-branes and their gravity duals," JHEP 0810, 
091 (2008) ;arXiv:0806.1218 [hep-th]]. [27] 

[12] B. Janssen and Y. Lozano, "On the dielectric effect for 
gravitational waves," Nucl. Phys. B643, 399 (2002); "A 
microscopical description of giant gravitons," Nucl. Phys. [28] 
B658, 281 (2003) hep-th/0207199 . 

[13] LA. Bandos, Superembedding approach to MO-brane and 
multiple MO-brane system, Phys. Lett. B687, 258-263 

(2010) ;arXiv:0912.5125;hep-th]]. [29] 
[14] 1. Bandos, D. Sorokin, M. Tonin, P. Pasti, D.V. Volkov, 

Superstrings and supermembranes in the doubly super- 
symmetric geometrical approach, Nucl. Phys. B446, 79- [30] 
118 (1995) [hep-th/9501113 . 

[15] P. S. Howe and E. Sezgin, D = 11, p = 5, Phys. Lett. 
B394, 62 (1997). ;hep-th/9611008 . 

[16] D. P. Sorokin, Superbranes and superembeddings, Phys. [31] 
Rept. 329, 1-101 (2000) hep-th/9906142 . 

[17] I. A. Bandos, "Superembedding approach to Dp-branes, 



M-branes and multiple D(0)-brane systems," Phys. Part. 
Nucl. Lett. 8, No. 3 (2011) 149-172, arXiv:0912.2530 
[hep-th]]. 

T. Banks, W. Fischler, S. H. Shenker and L. Susskind, M 
theory as a matrix model: A conjecture, Phys. Rev. D55, 
5112-5128 (1997) hep-th/9610043 . 

B. de Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B 305, 
545 (1988). 

LA. Bandos, "Multiple M-wave interaction with fluxes," 
Phys. Rev. Lett. 105 (2010) 071602 (arXiV : 1003.03991 
[hep-th]]; "Multiple MO-brane system in an arbitrary 
eleven dimensional supergravity background," Phys. 
Rev. D82, 105030 (2010) [19pp.] [arXlv: 1009.3459 [hep- 
th]]. 

I. A. Bandos, "Multiple MO-brane equations in eleven di- 
mensional pp-wave superspace and BMN matrix model," 
Phys. Rev. D85, 126005 (2012) [13pp.] arXiv: 1202.5501] 
[hep-th]]. 

D. E. Berenstein, J. M. Maldacena and H. S. Nas- 
tase, "Strings in flat space and pp waves from N 
= 4 super Yang Mills," JHEP 0204, 013 (2002) 
[arXiv:hep-t h/0202021 . 

E. Cremmer and S. Ferrara, "Formulation of eleven- 
dimensional supergravity in superspace," Phys. Lett. 
B91, 61 (1980); 

L. Brink and P.S. Howe, "Eleven-dimensional supergrav- 
ity on the mass-shell in superspace," Phys. Lett. B91, 
384 (1980). 

I. A. Bandos, "Action for the eleven dimensional multiple 
M-wave system," JHEP 1301(20131074 • arXiv:1207.0728l 
[hep-th]. 

D. P. Sorokin, V. I. Tkach and D. V. Volkov, Superparti- 
cles, tmstors and Siegel symmetry. Mod. Phys. Lett. A4 
(1989) 901-908; 

1. A. Bandos, "Spinor moving frame, MO-brane covari- 
ant BRST quantization and intrinsic complexity of the 
pure spinor approach," Phys. Lett. B 659 (2008) 388 
;arXiv:0707.2336 [hep-th]]; LA. Bandos, "D=ll massless 
superparticle covariant quantization, pure spinor BRST 
charge and hidden symmetries," Nucl. Phys. B796, 360 
(2008). 

I. A. Bandos, A Superparticle In Lorentz-Harmonic Su- 
perspace, Sov. J. Nucl. Phys. 51, 906-914 (1990) [Yad. 
Fiz. 51, 1429-1444 (1990)]. 

LA. Bandos and A.Y. Nurmagambetov, "Generalized 
action principle and extrinsic geometry for N=l su- 
perparticle," Class. Quant. Grav. 14 (1997) 1597 
;hep-th/9610098 . 

I. A. Bandos and J. Lukierski, "New superparticle models 
outside the HLS supersymmetry scheme," Lect. Notes 
Phys. 539 (2000) 195 hep-th/9812074 . 
I. A. Bandos, J. A. de Azcarraga and D. P. Sorokin, 
"On D=ll supertwistors, superparticle quantization 
and a hidden SO(16) symmetry of supergravity," 
hep-th/0612252 

J. A. de Azcarraga and J. Lukierski, "Supersymmet- 
ric Particles with Internal Symmetries and Central 
Charges," Phys. Lett. B 113, 170 (1982); "Supersym- 



23 



metric Particles In N=2 Superspace: Phase Space Vari- 
ables And Hamiltonian Dynamics," Phys. Rev. D 28, 
1337 (1983). 

[32] W. Siegel, "Hidden Local Supersymmetry in the Su- 
persymmetric Particle Action," Phys. Lett. B 128, 397 
(1983). 

[33] E. Bergshoeff, R. Kallosh, T. Ortin and G. Papadopou- 
los, "Kappa symmetry, supersymmetry and intersecting 
branes," Nucl. Phys. B 502 (1997) 149 ,hep-t h/9705040 . 

[34] I. A. Bandos, J. A. De Azcarraga and J. M. Izquierdo, 
Phys. Rev. D 65 (2002) 105010 hep-th/0112207 ; 

[35] I. Bandos and J. A. de Azcarraga, "Dirac equation 
for the supermembrane in a background with fluxes 
from a component description of the D=ll supergravity- 
supermembrane interacting system," JHEP 0509 (2005) 
064 hep-th/0507197 . 

[36] E. Sokatchev, Light cone harmonic cuperspace end its ap- 
plications, Phys. Lett. B169, 209-214 (1986); Harmonic 
superparticle, Class. Quant. Grav. 4, 237-246 (1987). 

[37] A. S. Galperin, P. S. Howe and K. S. Stelle, The superpar- 
ticle and the Lorentz group, Nucl. Phys. B368, 248-280 
(1992) hep-th/9201020 ; 

F. Delduc, A. Galperin and E. Sokatchev, Lorentz har- 
monic (super)fields and (super)particles, Nucl. Phys. B 
368, 143-171 (1992). 

[38] I. A. Bandos and A. A. Zheltukhin, "Spinor Cartan 
moving n-hedron, Lorentz harmonic formulations of su- 
perstrings, and kappa symmetry," JETP Lett. 54, 421- 
424 (1991); "Green-Schwarz superstrings in spinor mov- 
ing frame formalism," Phys. Lett. B288, 77-83 (1992); 
"D=10 superstring: Lagrangian and Hamiltonian me- 
chanics in twistor-like Lorentz harmonic formulation," 
Phys. Part. Nucl. 25 (1994) 453-477 [Preprint ICTP IC- 
92-422, Trieste, 1992, 81pp.]. 

[39] A. S. Galperin, P. S. Howe and P. K. Townsend, Twistor 
transform for superfields, Nucl. Phys. B402, 531 (1993). 

[40] A. Chatzistavrakidis, H. Steinacker and G. Zoupanos, 



"Intersecting branes and a standard model realization in 
matrix models," JHEP 1109 (2011) 115 a rXiv: 1107.0265. 
[hep-th]]. 

[41] I. A. Bandos, D. P. Sorokin and D. Volkov, "On the gen- 
eralized action principle for superstrings and supermem- 
branes," Phys. Lett. B 352 (1995) 269 hep-th/9502141 . 

[42] C. Teitelboim, "Supergravity and Square Roots of Con- 
straints," Phys. Rev. Lett. 38 (1977) 1106; A. Neveu 
and P. C. West, "String lengths in covariant string 
held theory and OSp(26,2/2)," Nucl. Phys. B293 (1987) 
266; E. Gozzi and M. Renter, "BRST Quantization, 
IOSp(d,2/2) Invariance And The PCT Theorem," Nucl. 
Phys. B 320, 160 (1989); J. Govaerts, "The Nambu- 
Goto String: Its Phase Space Path Integral," Int. J. Mod. 
Phys. A 4, 173 (1989). 

[43] L. M. Milne- Thomson, "Jacobian Elliptic Functions and 
Theta Functions" , Ch. 16 in "Handbook of Mathemati- 
cal Functions with Formulas, Graphs, and Mathematical 
Tables", Abramowitz, M. and Stegun, I. A. (Eds.), 9th 
printing. New York: Dover, 1972, pp. 567-581. 

[44] T. Ortin, "Gravity and strings," Cambridge Unversity, 
Cambridge University Press, 2004, 704 pp. 

[45] L.D. Landau and E.M. Lifshitz, "The Classical The- 
ory of Fields", Course of Theoretical Physics V2, 
402pp., 4th Edition, Butterworth-Heinemann, 1987. 
[ISBN: 9780750627689] 

[46] H. Dorn, "NonAbelian gauge held dynamics on matrix D- 
branes," Nucl. Phys. B 494 (1997) 105 hep-th/9612120;; 
M. R. Douglas, "D-branes in curved space," Adv. Theor. 
Math. Phys. 1 (1998) 198 hep-th/9703056 ; J. Adam, 
I. A. Ulan and B. Janssen, "On the gauge invari- 
ance and coordinate transformations of non-Abelian D- 
brane actions," JHEP 0510 (2005) 022 hep-th/0507198; ; 
B. Janssen and A. Marcos-Caballero, "The group struc- 
ture of non-Abelian NS-NS transformations," JHEP 
1005 (2010) 035 arXiv:1003.5317 [hep-th]] and refs. 
therein. 



